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Abstract
A theory of anisotropic fibres is presented. For weakly guiding, 
weakly anisotropic fibres it is shown that the profiles for x- and y- 
polarised light can be considered to be independent in general. The 
modes of such fibres are obtained as a straightforward generalisation of 
the modes of isotropic fibres. A design for a single-mode, single­
polarisation fibre with a nonguiding profile for one polarisation state 
is presented (this has been independently developed by Eickhoff).
It is shown that for sufficient anisotropy one polarisation state 
of the fundamental mode becomes leaky through its minor field 
component. In this special case the coupling between the refractive 
index profiles for x- and y-polarised light must be taken into 
account. The major and minor field components of the fundamental mode 
of the anisotropic step profile fibre are derived. The loss of the 
anisotropic leaky mode is derived from the modal fields.
The theory is extended to multimoded anisotropic fibres. Details 
for the fundamental modes . are given. In some special resonance cases 
the fundamental modes of multimoded weakly guiding anisotropic fibres 
are not very nearly plane polarised, as is usually the case for 
isotropic weakly guiding fibres.
Fibres of extremely high birefringence are investigated in order to 
get a better insight into the polarisation properties of anisotropic 
fibres.
Most of the work presented in this thesis assumes the fibre to have 
an infinite cladding. However real fibres always have a finite 
cladding. The validity of this assumption in particular for anisotropic 
leaky modes is investigated. The leaky mode loss of fibres with finite 
cladding is modelled by absorption of modal power in the fibre jacket.
Some work determing the cutoff of isotropic couplers is 
presented. A formalism for deriving the radiation losses of such 
couplers below cutoff is given.
Some work on the determination of equivalent-step-index fibres for 
isotropic fibres is also presented.
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Preface
The setting out of this thesis is subject to certain conventions. 
These are briefly explained here.
Each Chapter has its own list of references, found at the end of 
the Chapter. References are referred to as [3 ] for reference number 3 
in that Chapter, etc. Within each Chapter equations and figures are 
referred to in order of appearance in the text as eq.(6) or
Fig.4, etc. An exception to this rule is Chapter 8 which consists of
photocopies of two short papers published in Electronic Letters. To 
refer to equations or figures in a different Chapter the notation 
eq.(3.6) or Fig. 3.4 is used to denote eq.(6) and Fig.4 of
Chapter 3 , respectively. The great bulk of the mathematical details is 
relegated to the Appendices, found at the end of the thesis. The set of 
Appendices has its own list of references. Equations in the Appendices 
are referred to as eq.(D-4) for the fourth numbered equation in 
Appendix D, etc.
All the quotations appearing at the beginning of Chapters in this 
thesis are taken from the New American Standard version of the 
Bible. They have no particular relevance to the Chapter they appear in, 
however they are regarded by the author of being of greatest 
importance in their own right and are included for this reason alone.
vii
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1Does not wisdom call,
And understanding lift up her voice?
On top of the heights beside the way 
Where the paths meet, she takes her stand;
Beside the gates at the opening to the city,
At the entrance of the doors, she cries out:
"To you, 0 men, I call,
And my voice is to the sons of men,
"0 naive ones, discern prudence;
And, 0 fools, discern wisdom,
"Listen, for I shall speak noble things;
And the opening of my lips will produce right things, 
"For my mouth will utter truth;
And wickedness is an abomination to my lips,
"All the utterances of my mouth are in righteousness; 
There is nothing crooked or perverted in them,
"They are straightforward to him who understands,
And right to those who find knowledge,
"Take my instruction, and not silver,
And knowledge rather than choicest gold,
"For wisdom is better than jewels;
And all desirable things can not compare with her. 
Book of Proverbs, Chapter 8, Verses 1-11.
INTRODUCTION
1.1 An Overview of the Subject
This thesis is mainly concerned with the study of anisotropic 
optical fibres. Optical fibres are fast finding ever increasing use 
in telecommunication systems [1] and as sensors to measure a great 
variety of physical quantities (eg.temperature, pressure, rotation 
etc. [2,3]). They offer considerable advantages over conventional 
telecommunication media like coaxial wires. They have by comparison 
huge bandwidths and today's state of the art optical fibres have 
very low losses enabling a vast increase in repeater spacings over 
conventional coaxial wires. They also have the advantages of having 
negligible crosstalk and being immune to electrical interference 
which also make them valuable for sensor applications in 
electrically noisy environments.
Due to this tremendous interest in optical fibres and their 
applications, a great amount of theoretical work has been done on 
them. Virtually all of this work however is concerned with 
isotropic fibres, for which the refractive index of the fibre does 
not depend on the polarisation state of the light passing through
2it. The only exception apart from essentially numerical studies are 
planar anisotropic waveguides and optical fibres with uniaxial 
anisotropy [4].
In this thesis we will present a theory for the study and 
analysis of the modes and properties of anisotropic fibres 
(including transverse anisotropic fibres) for which the refractive 
index profile depends on the polarisation state of the light passing 
through the fibre. To our knowledge, our work [5-9] is the first 
successful attempt to do so.
This work was motivated by the belief that anisotropic fibres 
will show enhanced birefringence properties and will be polarisation 
sensitive. This is important as it may lead to the design of a 
single-mode single-polarisation fibre, which has the useful property 
of guiding only a single polarisation state of light. In fact two 
designs for such fibres will be presented in this thesis [5,6].
1.2 Contents of the Thesis
In Chapter 2 we review certain basics of isotropic fibres, in 
particular birefringence on isotropic fibres. We also review the 
birefringence properties of anisotropic material. We then link the 
two building blocks together and consider weakly guiding, weakly 
anisotropic fibres. It is shown that the birefringence properties 
of anisotropic fibres are in general greatly dominated by those of 
the material, making the geometric structure of the fibre relatively 
insignificant. Throughout this thesis we confine ourselves for 
simplicity to the situation where the principal axes of refractive 
index are aligned with the geometric axes of the fibre as shown in 
Fig.l. The anisotropic fibre has separate refractive index profiles 
for x- and y-polarised light guided by the fibre (also shown in 
Fig.l). We show that weakly guiding, weakly anisotropic fibres 
behave essentially like two different isotropic fibres one for x- 
polarised light and one for y-polarised light, as shown in Fig.2 . 
Hence we derive the modes of weakly guiding, weakly anisotropic 
fibres. This leads us to present our first design for a single­
polarisation fibre as shown in Fig. 3a. This design is based on a
3for x-pol. light/
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Fig. 1 In anisotropic fibres the refractive index varies with
the polarisation state of the light. The refractive index (more 
accurately its square) is a tensor quantity for anisotropic 
fibres and can be described by three principal refractive 
indices nx ,ny ,nz along the principal axes of the refractive 
index. For simplicity, all anisotropic fibres in this thesis 
will be assumed to have the geometric axes of the fibre aligned 
with the principal axes of refractive index, as shown. The 
anisotropic fibre has separate refractive index profiles for x- 
and y-polarised light. For the fibre shown we have nz=nx7' which 
is the case for stress-induced birefringence.
* This is a theoretical model and while physically possible, 
does not occur in real stress induced fibres. e.g. see 
M.P. Varnham, A Study of Highly-Birefringent Optical 
Fibres (PhD. Thesis, Southampton, 1984).
4Fig. 2 For weakly guiding, weakly anisotropic fibres the 
refractive index profiles for x- and y-polarised light decouple 
in general. Thus one can analyse the modes independently for x- 
and y-polarised light. The situation is similar to two 
different isotropic fibres, one for x- and one for y-polarised 
light.
5n n
Fig. 3 Designs for single-mode, single-polarisation fibres.
Such fibres have the useful property of guiding only a single 
state of polarisation. Fig.3a shows the ideal design 
(discussed in Section 2.8). It is based on a profile that is 
nonguiding for one polarisation state of light. Fig.3b shows
the 'leaky mode' design (discussed in Section 3.2). It makes 
use of the fact that a y-polarised mode on this fibre becomes 
leaky for sufficient anisotropy. All parameters are defined in 
Table 2.2 .
6nonguiding refractive index profile for one polarisation state. 
Essentially the same design was independently developed by Eickhoff 
[10 ].
In Chapter 3 we show that the decoupling of the refractive 
index profiles for x- and y-polarised modes, as shown in Fig.2, is 
not always valid. The coupling is always small for weakly guiding, 
weakly anisotropic fibres but there is the important special case 
when the small x-component of an essentially y-polarised mode causes 
power leakage [5,6]. The mechanism for this effect is first derived 
from a physical viewpoint. And another design for a single-mode 
single-polarisation fibre is given, as shown in Fig. 3b. The 
Green's function method [7,11] is used to obtain the fields of the 
fundamental mode of the circularly symmetric anisotropic step 
profile fibre. This method becomes particularly simple in the 
practical case of stress-induced birefringence for which nz=nx* 
Using these fields the loss of the anisotropic leaky mode is derived 
for arbitrary but weak anisotropy. A number of alternative 
derivations of the fibre loss are reviewed.
In Chapter 4 we go on to study multimoded anisotropic fibres. 
We derive the modes of weakly guiding, weakly anisotropic multimoded 
fibres [8]. We give details for the fundamental modes as an 
example. In general, the profiles for x- and y-polarised light 
decouple and the modes can be derived as a straightforward extension 
of the theory for isotropic fibres. However there are certain 
'resonance' cases where strong coupling occurs between the x- and y- 
polarised light. An application of this effect is suggested.
In Chapter 5 we extend our theory to fibres with extremely high 
anisotropy [9]. The study of highly anisotropic fibres will give us 
a better conceptual understanding of the polarisation properties of 
anisotropic fibres. The basic equations governing the modes of such 
fibres are derived. We apply them to determine the properties of 
modes on fibres with transverse anisotropy. In certain special 
cases we are able to derive analytical closed form solutions for the 
modes of the fibre. We conclude by considering the well known case 
of fibres with uniaxial anisotropy. For step-profile fibres with 
uniaxial anisotropy an analytical closed form solution is known [4],
7In Chapter 6 we consider the effect of a finite cladding. In 
Chapters 2-5 we have always assumed the fibre to have an infinite 
cladding because it greatly simplifies the analysis. It is an
assumption which obviously will give a good approximation for bound 
modes since they have exponentially decaying fields. Also for leaky 
modes it is a useful assumption to derive the basic principles of 
leakage in a conceptual model. The anisotropic leaky mode of 
Chapter 3 however is leaky only through its minor component. In 
this Chapter we investigate whether this leakage will be observable 
on real fibres which always have a finite cladding. We model the 
leaky mode loss by absorption of modal power in the fibre ’jacket’, 
ie. the region of the fibre beyond the cladding. In this work we do 
not include the effect of bending or microbending on the fibre 
loss. However in a practical fibre bending and raicrobending will 
enhance the loss of our simple model, because both effects will tend 
to inject further modal power into the fibre jacket, whereby it 
becomes essentially absorbed.
In Chapter 7 we study radiation losses from isotropic couplers 
[12]. Such couplers have some similarity with anisotropic
multimoded fibres as was seen in Chapter 4. In such couplers one of 
the two fundamental modes can be shown to be cutoff for low V- 
values. Here we use perturbation theory to obtain a very good 
approximation to the cutoff values previously obtained by an exact 
method [13,14]. Furthermore we develop a method for determining the 
radiation losses of the coupler below cutoff. Modes can sometimes 
still propagate for considerable distances below the cutoff value. 
So it is important to know whether the losses below cutoff are 
sufficient to make the theoretical cutoff value also an effective 
cutoff for the mode, ie. the mode does not propagate for lower V 
values. Our model assumes the coupler to be surrounded by an
infinite cladding. Any real coupler will have a finite cladding 
which may have an important influence on the operation of the 
coupler. Thus our results will need to be modified for a practical 
coupler.
In Chapter 8 we present some work on the equivalent step index 
method for isotropic fibres. It consists of two short papers 
published in Electronics Letters. One paper investigates the effect
8fibre loss has on the determination of equivalent step index 
parameters [15]. The other paper presents a new method for 
determining the equivalent step index parameters. The method which 
we propose is based on the variation of the far field intensity 
halfangle with wavelength [16].
The Appendices contain all the mathematical details. They have 
been separated from the main body of the thesis to enable a smoother 
presentation of the material.
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I, wisdom, dwell with -prudence,
And I find knowledge and discretion.
"The fear of the Lord is to hate evil;
Pride and arrogance and the evil way,
And the perverted mouth, I hate.
"Counsel is mine and sound wisdom;
I am understanding, power is mine.
"By me kings reign,
And rulers decree justice.
"By me princes rule, and nobles,
All who judge rightly.
"I love those who love me;
And those who diligently seek me will find me. 
"Riches and honor are with me,
Enduring wealth and righteousness.
"My fruit is better than gold, even pure gold, 
And my yield than choicest silver.
"I walk in the way of righteousness,
In the midst of the paths of justice,
To endow those who love me with wealth,
That I may fill their reasuries.
Book of Proverbs, Chapter 8, Verses 12-21.
2. FUNDAMENTALS OF ANISOTROPIC FIBRES
2.1 Introduction
This thesis is mainly concerned with the study of anisotropic 
fibres. One of the main features of an anisotropic fibre is that it 
introduces an inherent difference between modes of different 
polarisations, ie. the fibre becomes birefringent.
In this chapter we will first review some basic results for 
isotropic fibres. We will then investigate the contribution 
geometric structure makes to birefringence in isotropic fibres. All 
present day practical fibres fall under the category of weakly 
guiding fibres. We therefore review the implications of this 
restriction for the analysis of isotropic fibres, in particular with 
regard to birefringence properties.
Next we consider the inherent features of anisotropic material 
relevant to light propagation in such a medium. We then show how we 
can combine the theories for weakly guiding isotropic fibres and 
light propagation in anisotropic media to study fibres constructed 
from anisotropic material. We go on to derive the modes of single-
12
mode anisotropic fibres and conclude the chapter by giving a design 
for an ideal single-polarisation fibre.
The material presented in this chapter is the result of 
research undertaken by myself in collaboration with Prof. A.W.Snyder 
[1 ].
2.2 Review of Isotropic Fibres
For perspective and comparison with our new results we review 
certain basic properties of arbitrary, isotropic fibres, ie. not 
necessarily weakly guiding fibres. In general, such fibres 
propagate two fundamental modes, say 1 and 2, each with a 
characteristic electric field, E, and propagation constant, ß, such 
that
Fundamental Mode 1 Fundamental Mode 2
ißiZ
E ^ x ^ z )  = e_i (x,y)e
iß 2Z
E 2 (x,y,z) = e2(x,y)e
assuming an e time dependence. In general, the
fields e_i and e2 differ greatly as do ß1 and ß2, except for fibres 
of circular symmetry when ßi = 32 and |aij = |e2|. Furthermore, the 
e’s have a significant component, of differing amounts, in all 
three directions, x,y and z. Thus, the direction of e is highly 
curved in the plane transverse to the fibre axis. Lastly, the modal 
intensity pattern is noncircular in the cross-section of circularly 
symmetrical fibres (eg. section 12-10 of [2]). In Fig.l we show a 
schematic of the fundamental mode on a fibre with circular symmetry.
2.3 Structural Birefringence
Unless the cross-section of the isotropic fibre has circular 
symmetry, it has birefringent propagation characteristics, here 
called structural birefringence. The greater the departure from 
circular symmetry, the greater the structural birefringence being 
largest in planar waveguides. In Fig.2 we show the variation
13
core-clad
Fig. 1 Schematic of a fundamental mode on an isotropic fibre
with circular symmetry and a significant difference between the 
core and cladding refractive indices. The arrows represent the 
direction of the E field and the shaded area is a region of 
relative high intensity.
14
b / a / / c
V
Fig. 2 The variation of p , the fraction of power guided in the
core, with fibre parameter V for a planar, isotropic
waveguide. Curve a) belongs to the TE mode. The other curves 
are for the TM mode for various ratios of core and cladding 
indices nCC)/nC£ • These ratios are b)1.05, c)1.2, d)1.5,
e)3 and f) is the limiting case where ncQ is infinitely greater
than n , then p is a step function at V = tt/2 .
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of T|, the fraction of guided power in the core, for the TE and TM 
modes of planar waveguides with various values of the profile height 
parameter A. When the core refractive index nCQ is infinitely
greater than the refractive index nc  ^ of the cladding, i.e. 
for A = 0.5, the TM fundamental mode of a step profile, planar 
waveguide is eliminated completely for V < tt/2 without adversely 
affecting the TE fundamental mode, where V is the familiar waveguide 
parameter. For example at V = 1.35, 80% of the power in the TE mode 
propagates in the core. But for nCQ = lOn^ only 1% of the power in 
the TM mode, and for nCQ = 3nc  ^ only 40% of the power in the TM mode 
propagates in the core. However, when the core and cladding 
refractive indices differ by 5%, the power of the two modes in the 
core differs by only 1%! In conclusion, structural birefringence is 
enormous in highly eccentric isotropic fibres when n »  n
However, in weakly guiding fibres, when n - n ^ ,
structural birefringence is sufficiently small to ignore the 
differences between Je^j and |e2| in eq. (1) and fully account for 
birefringence by the small difference between ß^ and ß 2 as we 
discuss below. In contrast, we shall show that only a small amount 
of material birefringence is required for very strong birefringent 
propagation in weakly guiding fibres.
2.4 Weakly Guiding Isotropic Fibres
The theory of weakly guiding isotropic fibres [2,3] is well 
known and reviewed in Section 13 of [2]. In particular, when the 
refractive index of the core and cladding are nearly equal, the two 
modes are virtually TEM waves with ß - kn, k = 2tt/X and
n - n - n , . Furthermore, the fields e(x,y) are taken to be
independent of structural birefringence which is now incorporated in 
the ß’s only. In general, for arbitrary cross-section and
refractive index profile the two fundamental modes of eq. (1) are 
plane polarised along the geometrical axes of the fibre cross- 
section and have the form
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x-polarised mode y-polarised mode
i(B+6B )z
Ex = ^(x,y)e
H = (e /p / 2 n Ey o o co x
i(B+6B )z
E = iKx,y)e
H = -(£ /y )^ 2 n Ex o o co y
(2a)
(2b)
where all other components are negligible, $ and 4>(x,y) are 
solutions of the scalar wave equation
(V2 + k2n2(x,y) - ß2} (3)
For fibres with circular cross-sections, the modal fields and 
intensity profile are circularly symmetric. The 6ß^ and 6ß^ terms 
incorporate all polarisation effects due to the fibre structure, 
leading to an expression for birefringence of the form [2,3],
6ß - 6ß x y
r . 2 r 9 2 £n n 2 8 2 £n n 2 > ,
„<«'* * ' - S ’ -  - “
4V J ~  dA (4)
which is clearly zero for a fibre of circular symmetry. The 
parameters A,V and p are defined in Table 1. Because the
derivatives are proportional to A, . 3/2birefringence | ß^ - B | is proportional to A /p, for a specified
value of V. The above formulation is sufficient for determining the
birefringence properties of isotropic fibres, e.g. fibres of
elliptical cross-section [4]. However, for the fibres considered in
Chapters 2-6, the birefringence due to the fibre structure is shown
to be overwhelmed by that due to material anisotropy and can be
ignored. In other words, the vector properties of the modal fields
we consider in this study are determined solely by the birefringence
properties of the material. For the remainder of this study we
shall confine ourselves to weakly guiding fibres since these are the
only fibres of practical importance, can be solved by perturbation
methods (exact solutions are unknown except for planar waveguides
[5-7] and uniaxial fibres which have no selectivity to polarised
light [8]), and exhibit all the essential physical features of
anisotropic fibres.
lowest order,
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refractive index profile n(x,y)
maximum core n nCO
uniform cladding n nc l
core radius P
profile height parameter A - U  -<ncJ,/nco)2 } /I
“ 1 - <nc«'nco)
normalized frequency V - pkn (2A)*5CO
wavenumber k . 22L K X
Table 1 Physical parameters of the isotropic fiber.
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2.5 Material Birefringence
Because this study considers fibres constructed from 
birefringent material, it helps to first consider plane wave 
propagation in an unbounded uniform anisotropic medium. These plane 
waves are TEM just as in the isotropic case. Such a medium has 
three mutually perpendicular principal refractive index axes taken 
here to be x,y,z with principal refractive indices [9] nx, n and
nz. If the electric vector E_ is parallel to a principal axis, then
the displacement vector D_ is also parallel to the field and
propagation is the same as in an isotropic medium. However, when _E_ 
is not parallel to any axis, then D_ is no longer parallel to E_ and 
propagation is complicated. In particular, for each direction of 
propagation there are two modes (plane waves) linearly polarised in 
two specific directions only. Furthermore, the value of the
propagation constant depends on the direction of propagation for at 
least one of the two modes.
2.5.1 Axially Directed Plane Wave
The description of propagation is considerably simplified when 
the direction of propagation is along a principal axis, say the z- 
axis. Then one mode is an x-polarised plane wave in a medium 
characterized by refractive index n = nx while the other mode is a 
y-polarised plane wave in a medium characterized by n = n^. This 
case has particular relevance to weakly guiding fibres discussed 
below.
2.5.2 Plate Model of Anisotropy
It is sometimes useful to have a conceptual model of
anisotropy. The simplest example [9] is a stack of thin, parallel
dielectric plates of alternating refractive index, where the plate
thickness is small compared to the wavelength X . Assuming, the
plates are parallel to the x and z-axes, then nz = nx > n^ which is
one example of a uni-axial medium. Some crystals also exhibit the
uni-axial property of nz = n^ < nx, while others are biaxial [9]
with n * n * n x y z
In Fig.3 we show the very specific example of a birefringent
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Fig. 3 Thin parallel plate model of a birefringent medium,
where n = n $ n . The plates are of equal thickness andy z x
have alternative refractive indices n^ and n2«
Then, 2 2 i,2 ni n2 l/2
n x ■ n i = (— 2— — r>
while nl n2
n = n = n y z
2 , 2 1,n, + n2 V2
) •
When n^ - n2 - n where n = (n^ + n^)/2 ,
then
and
n - n - x
3 (n1 - n2) 
8 n
n - n +y
(ni ~ V
8 n
We stress that this model is purely of conceptual value. 
Anisotropic fibres can be realised by means of stress-induced 
birefringence [10-14].
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medium constructed from such plates, infinite in extent and of 
alternating refractive indices n^ and n 2. We emphasise that there 
are many plates per wavelength so that the medium appears 
homogeneous to light. The birefringence is largest when the plates 
are of equal thickness as in Fig. 3 . Expressions for n when E is 
parallel (II) or perpendicular (1) to the plates are shown in the 
legend of Fig. 3 [9], From these expressions we observe
that n > n^ and the inequality increases as |n} - n2| increases.
We emphasise that this model has purely conceptual value for 
visualising an anisotropic fibre.
One practical way of making an anisotropic fibre is via the 
application of stress [10-14].
2.6 Fibres Constructed from Anisotropic Material
In this study we consider fibres of arbitrary cross-section and 
arbitrary profile shape where both the core and cladding materials 
can be anisotropic. We assume that the principal axes of the 
refractive index are parallel to the fibre axes at all positions in 
the cross-section, e.g. as in Fig. 4 , so that the representative 
dielectric tensor has diagonal elements only, with respect to the 
fibre axes.
2.6.1 Parameters of the Anisotropic Fibre
Recall the standard parameters of the isotropic fibre given in 
Table 1, particularly the dimensionless frequency V and profile 
height A . These are generalized in Table 2 to fibres composed of 
anisotropic material. Furthermore, in Table 2 we also introduce 
parameters
commonly referred to is
6 _  to indicate the magnitude of anisotropy, the most
2 6  = 1 - f n /n )yx v y x ' (5)
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n x
Fig. 4 Anisotropic fibre with geometric axes x,y,z. The
refractive index is a tensor quantity (more accurately the 
dielectric permittivity, ie. the square of the refractive index 
is a tensor) for an anisotropic fibre and depends on the
polarisation state of the light guided in the fibre. The
refractive index may be described by three principal values of 
the refractive index nx»ny»nz along three mutually orthogonal 
directions in space called the principal axes of the refractive 
index. Throughout this thesis we will assume for convenience
that the geometric axes and the principal refractive index axes 
are aligned, as shown.
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^ - d i r e c t i o n x - p o l a r i z e d y - p o l a r i z e d z - p o l a r i z e d
P r o f i l e  n nx ( x ,y ) ny (x ,y ) n z (x ,y )
Max c o r e  n Xn ny zn
C O C O co
C la d d in g  n Xnc£
z
nc£
P r o f i l e  h e i g h t  A A * l - ( n X0/ n X ) x c£ co A -  l - ( n y 0/ n y ) y c£ co A -  l - ( n Z0/ n Z ) z c£ co
Norm. f r e q .  V V -  kpnX (2A )**
X  C O  X
V = kpny (2A )** y co y V “ kpnZ (2A )** z co z
A n is o t r o p y  6 6 i j  ■ U  -  (n i / nj 2} / 2  = 1 -  ( n jL/ n j ) ; i . j  -  x , y , z
k -  2tt/X ; p » c o r e  r a d i u s  o r  s u i t a b l e  s c a l i n g  p a ra m e te r
T a b le  2. P h y s i c a l  p a ra m e te r s  o f  th e  a n i s o t r o p i c  f i b e r .
23
2.6.2 Restriction to Weak Guidance and Weak Anisotropy
The remainder of this study is restricted to weakly guiding
fibres for which A^, A^ and A^ of Table 2 all obey |A| << 1 . In
addition we also confine ourselves to weakly anisotropic fibres for
which 6 , 6 and 6 of Table 2 all obey (61 << 1, except foryx xz yz <1
Chapter 5 where we allow arbitrary values of the 6's. It is 
useful to introduce a parameter to indicate the magnitude of fibre 
birefringence:
k(n - n ) - —  x y p
yx
(2Ax)1/2
(6)
with all parameters defined by eq. (5) and Table 2. Comparing this
1/2value, which is of order 6 /A for a specified value of V,
with that due to geometry which is of order ,3/2 , as discussed 
tobelow eq. (4), it is clear that polarisation effects due
2geometry are negligible provided 6 >> A , assuming
A - A - A . Even with the above restrictions, the theory x y ’ J
embraces situations depicted by Fig. 5 which, from eq. (6), are 
seen to have enormous birefringence. We are also reminded that Vx, 
V and V of Table 2 are arbitrary.y z
2.7 Modes of Single-Mode Anisotropic Fibres
Let us begin with the study of single-mode anisotropic 
fibres. Here and in Chapter 3 we confine ourselves therefore to 
the study of fibres composed of "highly" birefringent material where 
the nx and n^ profiles support one mode only, e.g. if the fibre has 
a step profile and circular symmetry then Vx and Vy of Table 2 are 
less than 2.4 In this Chapter we derive the expression for the 
modal fields and present the design for an "ideal" single-mode, 
single-polarisation fibre. In Chapter 3 we will introduce another 
design based on the idea of modal leakage.
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n6wX«  1
radius r
Fig. 5 Example
distances are 
guidance, n*Q 
anisotropy n^ =
of a profile of an anisotropic fibre.
exaggerated for clarity. Because 
X V V- n . and nJ - n . . Becausec£ co c£
n - ny
Vertical 
of weak 
of weak
All symbols are defined in Table 2.
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2.7.1 Fundamental Equations for Weakly Guiding, Weakly Anisotropic 
Fibres
Recall that the two axially (z-directed) modes of an unbounded,
uniform birefringent medium (Section 2.5) are TEM waves - one
polarised parallel to the x-axis, the other parallel to the y-axis
where x,y,z are the principal axes of refractive index. We next
recall from Section 2.4 that the fundamental modes of weakly guiding
fibres are also TEM waves. It is therefore intuitive that the
x-polarised fundamental mode of an anisotropic fibre "sees" an
isotropic fibre characterized by nv(x,y), A and where all---------  x x x
parameters are defined in Table 2. Accordingly, to convert all of 
the isotropic results of Section 2.4 to those for an anisotropic 
fibre, we simply replace n(x,y), , n , 4 and V of Table 1 by
either their x or y-polarised equivalents in Table 2 and take the 
fields to be polarised along the principal axes x and y respectively 
of the dielectric material. Thus, for anisotropic fibres, the x and 
y-polarised fundamental modes are given as
x-polarized mode y-polarized mode
i3 z
Ex = ex(x’y)e
H = (e /y j^2 nX E y v o oJ co x
i3 z
Ey = ey(x,y)e y
H = - ( e / y ) ^ - n y E x v o o' co y
(7a)
(7b)
where all other components are small and ex, e^ and 3x , 3^ are 
found from the scalar wave equations 
r 2 2 2 2
{ Vt + k n^Xjy) - 8^ } ei(x,y) = 0 (8)
with i appropriately, either x or y. We have ignored the correction 
terms 63 for birefringence due to fibre geometry which are given by 
eq. (4). When 6 >> A2, they are negligible compared to
3x ~ 3y, as discussed under eq. (6). In summary, the x-polarised 
fundamental mode is identical to the LPq  ^ scalar mode of an 
isotropic fibre characterized by refractive index profile
n(x,y) = nx. Analogously, the y-polarised mode is identical to the 
LP01 scalar mode of an isotropic fibre characterized by n(x,y) = n .
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The modal birefringence - 8 ) nearly equals that given by
eq. (6) when the profile heights A^ and A^ are about equal, where
6 ,8 are defined by eq' s (7) and (8), Of course, the exactx y
result is given directly by solving eq. (8), as shown in
Appendix A.4 for the step profile fibre of circular cross-section.
We should not be deceived by the simplicity of the formulation 
given by eq. (7), as it is sufficient to understand the strong 
polarisation selectivity of monomode fibres constructed from
birefringent material, as we show below.
We have so far not allowed for the possibility of mode leakage 
which, as we show in Chapter 3 , can occur for sufficiently large
birefringence. To account for leakage we allow 8 of eq. (7a) to 
have a very small imaginary part. Before introducing this new 
element into our formulation, we first give a very important
application of eq.'s (7) and (8).
2.8 The Ideal Single-Mode Single-Polarisation Fibre
While the above results appear deceptively simple, they 
nonetheless are very useful and describe strong polarisation 
selectivity. We showed in Section 2.3 that strong polarisation 
selectivity is possible in isotropic fibres with highly eccentric 
cross-sections and with nCQ enormously greater than n^. Here we 
show that only a small amount of material birefringence is necessary 
to dramatically influence propagation by eliminating one of the two 
possible polarisation states of the fundamental mode. This results 
in a fibre that is truly single-moded.
As an example, consider a step profile fibre of circular cross- 
section whose refractive index profile, nx, to x-polarised light is 
shown in Fig. 6 and is single-moded with < 2.4. Thus, an x- 
polarised source will excite the familiar LPq  ^ type scalar mode 
characterised by Ex in eq. (7a). To completely eliminate the y- 
polarised mode, we must ensure that the refractive index profile, 
ny, for y-polarised light will not support total internal 
reflection. The most direct way to achieve this is to set the core 
and cladding refractive indices of n^ equal to each other so
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Fig. 6 Design for an "ideal" single-mode, single-polarisation
fibre. The y-polarised mode is eliminated by making A^ = 0 . 
This design requires a minimum relative birefringence S^/A^ of 
50%. All parameters are defined in Fig. 5 and Table 2.
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that Ay
in Fig. 
relative
= 0. The design requiring the least birefringence is shown
6, where 6 /A = 0.5, an amount here referred to as 50% yx x
birefringence.
A fibre very similar to our design here has been independently 
proposed by Eickhoff [13] and a fibre with such a nonguiding 
profile for one of the two polarisation states has been demonstrated 
by Payne et al. [15]. It should be pointed out that this will be a 
single-polarisation fibre not only for the fundamental mode but also 
for the higher order modes of the fibre [15].
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"The Lord possessed me at the beginning of His way, 
Before His works of old.
"From everlasting I was established
From the beginning, from the earliest times of the 
earth.
"When there were no depths I was brought forth,
When there were no springs abounding with water. 
"Before the mountains were settled,
Before the hills I was brought forth;
While He had not yet made the earth and the fields, 
Nor the first dust of the world.
"When He established the heavens, I was there,
When He inseribed a circle on the face of the deep, 
When He made firm the skies above,
When the springs of the deep became fixed,
When He set for the sea its boundary,
So that the water should not transgress His command, 
When He marked out the foundations of the earth;
Then I was beside Him, as a master workman;
And I was daily His delight,
Rejoicing always before Him,
Rejoicing in the world, His earth,
And having my delight in the sons of men.
Book of Proverbs, Chapter 8, Verses 22-31.
THE LEAKY MODE EFFECT ON MONOMODE ANISOTROPIC FIBRES 
3.1 Introduction
In the previous Chapter we have considered fibres constructed 
from anisotropic material. We have seen that on weakly guiding, 
weakly anisotropic fibres the refractive index profiles for x- 
and y-polarised light generally couple very little through the wave 
equation, so that they behave essentially independently. On the 
basis of this we have shown how to analyse the fundamental modes of 
these fibres. This led us to propose a design for an ideal single­
polarisation fibre.
However, no matter how small the coupling between the two 
polarisation states of light on the fibre, it never completely 
vanishes and in fact is present even on isotropic fibres. As a 
consequence the fundamental modes of optical fibres are plane 
polarised only as a first approximation, but possess components 
(even though generally smaller in amplitude) of the orthogonal 
polarisation. On weakly guiding, weakly anisotropic fibres this
coupling is in fact quite small, the orthogonal component being of
order A^ ~ 6 << 1 (see Table 2.2 on page 22 ) and thus may
generally be neglected as was assumed in the previous Chapter.
However there is an important exception and that is when this
component leads to leakage. In this Chapter we will show that the
minor orthogonally polarised field component can indeed lead to a
substantial loss if the relative birefringence 6../A. isij i
sufficiently high. To our knowledge apart from our work [1,2] this 
kind of loss mechanism has not been previously reported. We will 
also show how it can be used to design another type of single­
polarisation fibre.
Throughout this Chapter we will again confine ourselves to
weakly guiding, weakly anisotropic fibres, ie. A 6.. «  1 . All il
parameters are defined in Table 2.2 on page 22 . For convenience 
we will also assume that the fibre axes are aligned with the 
principal axes of refractive index as shown in Fig. 2.4 on page 21.
We will start by giving a physical description of the loss 
effect. Understanding the physics of the effect will lead us to a 
simple derivation of the condition, ie. minimum amount of 
birefringence, required for this mechanism to work. We then give an 
indication of the magnitude of the loss involved and present a 
design for a new type of single-polarisation fibre. Even though we 
were able to derive the "cutoff-condition" for the loss effect just 
by intuitive ideas, we have to solve the wave equation to derive the 
actual loss. In this Chapter we present a derivation of this loss 
by the Green's function method. We will first introduce and 
formulate the method for the example of stress-induced 
birefringence. For this case of practical importance the method 
becomes particularly simple. Then we go on and present the results 
for arbitrary, but weak, anisotropy. As a byproduct of this method 
we will also obtain the full fields of the fundamental modes to
first order in We will continue by investigating thei ij
properties of the fundamental modes. Then we investigate the fibre 
loss and present a formula for the loss of fibres with arbitrary, 
but weak, anisotropy. We conclude the chapter by giving an overview 
of alternative derivations for the loss which can be found in our 
published work [1]. All the mathematical details have been
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relegated to the appendices to streamline the presentation.
The material presented in this Chapter is the result of 
research undertaken in collaboration with Prof. A.W.Snyder [1-3].
3.2 Leakage Losses in Monomode Anisotropic Fibres
3.2.1 Physical Description of the Loss Mechanism
Our description of the fundamental modes of anisotropic fibres 
given in Chapter 2 treats each modal polarisation state as if it 
were in isolation of the other. This is valid only when the modal 
fields are plane-polarised, which is never exactly the case for non- 
planar waveguides. Even on the isotropic fibre, the "x"-polarised 
modal field has a very small y-component of order A and analogously 
the "y”-polarised modal field a very small x component [4,5]. Thus, 
a fraction of power propagating in the "x"-polarised mode "sees" 
something of the ny profile and analogously the "y"-polarised mode 
"sees" something of the nx profile. In other words, there is a 
small amount of coupling between the two polarisation states.
On isotropic fibres, the phase velocity w/ß of a mode can not 
exceed the speed c/n  ^ of a z-directed plane wave in the cladding 
without it losing power to radiation, ie. bound modes obey
ß > kn , , with k = 2 tt/Acl Generalizing to anisotropic fibres, x . ., . x x ybound modes must satisfy ß > k n ^  assuming that n  ^> n ^  ,
otherwise the x-polarised portion of the modal field will radiate
because it travels faster than an x-polarised plane wave in the
cladding medium. Quite obviously the "y"-polarised mode of the
fibre of Fig. 2.5 (on page 24 ) is leaky. Furthermore, the "y"-
polarised mode of the fibre in Fig. 1 will also "leak" if the
birefringence is sufficiently high to satisfy ß < kn , wherey cl
ßy is defined by eqs. (2.7) and (2.8).
From an alternative viewpoint, leakage occurs when some of the 
"y"-polarised mode of the fibre in Fig.l "sees" a cladding index 
n*^ which is higher than the effective index ß /k "seen" by the 
y-polarised mode. Then, total internal reflection is frustrated for 
a small portion of power in the y-polarised mode as in a "hollow"
3 4
Fig.l. Design for the ’Leaky-Mode' Single-Polarisation
Fibre. In this example = A . Then the y-polarised
mode is leaky, provided eq.(l) is satisfied. All parameters 
are defined in Fig.2.5 and Table 2.2 .
3 5
waveguide with n < n . On the other hand, the effective index co cl y
of the x-polarised mode is higher than n ^  , so that this mode 
suffers no loss.
From either viewpoint discussed above, radiation losses occur
X Xwhenever $ < k n ^  . Using the limiting condition 3^ = k n ^  > we
show directly (Appendix A.3) that the minimum relative birefringence 
necessary for leakage loss is
6yx s
A ( 1.14 - i )2V J (1)
assumes the step profile fibre of Fig. 1 , with A^ = A^
V - V - V of Table 2.2 where 6 and A are depicted in x y yx
When 6 /A = 1, then the core index of the y-profile
to within an accuracy of 1 percent when 1.4 < V < 2.5 . This
= A so
~ x y
that
Fig. 1 .
equals the cladding index of the x-profile, as in Fig. 2a . While 
when 6 /A = V 2 » we have the situation in Fig. 2b.
Apart from our work [1,2], this leakage loss has not been 
previously reported. It occurs on non-planar waveguides only as it 
requires the modal electric field to have both x and y components.
3.2.2 Magnitude of the Fibre Loss
The minimum birefringence necessary for leakage loss is 
determined using only elementary physical arguments, whereas we must 
solve the wave equation to obtain the magnitude of this loss.
We shall derive the loss in Sections 3 .3 and 3 .4 . For the moment 
we will draw upon one result from Section 3.6 where we discuss the 
fibre loss in detail. The power flow e of the y-polarised mode 
of Fig. 1 attenuates at a rate (see eq.(22) in Section 3.6) .
Y “ 2.41 x 109 A5/2|V 2 6yx p  ^ A
W 2U 2 
V s "
J2(V) 2
i w 1 (2a)
As in eq. (1), A = A = A so that V - V - V using the M ’ x y x y
definitions of Table 2.2 . y is in dB/km with the core radius 
p in pm , the J ’s are Bessel functions, W and U are given by 
eq.s (A-5) and (A-7)
3 6
n
Fig.2. Two examples of anisotropic profiles exhibiting the
role of the relative birefringence parameter 6 /A :
(a) 100% relative birefringence, (b) 50% relative
birefringence. The fibre is weakly anisotropic so that
x y 
see Table 2.2
- n and we assume A -  k  x y For definitions- A .
(2b)
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2 2 2
W = V - U - (1.14 V 1)
and V, 6 , A are defined in Table 2.2 . We have assumed that theyx
anisotropic material is uniaxial with nz = nx > n^, approximately 
like that produced by stress. In Fig. 3 we show the loss in dB/km
vs. the relative birefringence parameter 6 /A for a 1% difference 
in the core and cladding refractive indices and fibre radius 
p = 5 ym . From these, results, it is clear that the y-polarised 
mode is effectively eliminated if the birefringence is sufficiently 
high and the fibre sufficiently long.
3.2.3 Leaky Mode Design of Single-Mode, Single-Polarisation Fibre
The "ideal" design of Fig. 2.6 for achieving single-mode,
single-polarisation operation necessitated a minimum relative
birefringence ^yX/^x °f 50% plus a method of obtaining = 0
while keeping A^ finite. On the other hand, the leaky mode design
of Fig. 1 allows for the possibility of equal profile height, i.e.
A = A = A, and in addition requires less than 50% relative x y -------------------------------------
birefringence 6 x/A • T° see this more clearly, we have plotted 
in Fig. 4 the minimum relative birefringence required to achieve a 
given dB/km leakage loss for the fibre of Fig. 1 as calculated from 
eq. (2a). The lower V or the larger A, the less birefringence is
necessary for a given leakage loss, but of course the fraction [6]
_ 2
q - 1- V of modal power flowing within the core decreases with 
decreasing V. Values as high as 30% relative birefringence,
6 /A = 0.3, can be induced by stress [7], Thus, the leaky-mode 
design is within the reach of present fabrication methods.
The above results are for fibre designs as in Fig. 1 assuming
a uniaxial medium with the refractive index nz = in Table 2.2 .
Greater leakage losses occur when n = n , but the largest lossesz y
occur for biaxial material with n2 ^ ^  or nz ^ Hy* We ö^ow this in 
Section 3 .6 .
* See footnote on page 3
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A = 0.01
V= 1.5
Fig. 3 Relative birefringence 6 /A vs. leakage loss of the
fundamental y-polarized mode of Fig. 1 . The refractive
index nz for z-polarized light equals that, nx , for
x-polarized light. We assume A^ = A^ = A , so
that V - V = V . These results are calculated from eq. x y
(2a), which approximates the exact result, given by eq.(21) 
for.the range shown.
A =0.01
100 dB/km
A =0.005
100 dB/km
4 The minimum r e l a t i v e  b i r e f r i n g e n c e  6 x /A f o r  a g i v e n
dB/km l o s s  of  t h e  y - p o l a r i z e d  mode f o r  t h e  f i b r e  of  F i g .  1 
u n d e r  t h e  same c o n d i t i o n s  as  t h o s e  f o r  F i g .  3 .  F i g s .  4a and 
4b a r e  r e s p e c t i v e l y  f o r  a 1% and V2 % d i f f e r e n c e  i n  t h e  c o re  
and c l a d d i n g  r e f r a c t i v e  i n d i c e s .  The cu rve  l a b e l l e d  0 dB/km 
i s  t h e  minimum r e l a t i v e  b i r e f r i n g e n c e  n e c e s s a r y  f o r  l e a k a g e  
and i s  g iv e n  by eq.  ( 1 ) .
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3 .3 Radiation Loss for Stress-Induced Birefringence Fibres
We first illustrate the Green's function method [4,8,9] by 
determining the radiation loss due to polarisation coupling on 
fibres with stress-induced birefringence, since these are of present 
practical interest. When the anisotropic fibre is produced via the
V-
application of stress [7,10] we have nz=tix , where x,y,z are the 
geometric axes of the anisotropic fibre as in Fig 2.4 , and nx *ny>nz 
are the principal refractive indices. The case nz=nx particularly 
lends itself to illustrate the method because of algebraic 
simplicity as well as practical interest. In this Section we give 
details for the loss of the y-polarised fundamental mode of a 
circularly symmetric step-profile fibre.
3.3.1 Restrictions
The analysis is restricted to weakly guiding and weakly
anisotropic fibres, ie. ~ A «  1 , but we emphasize that this
magnitude of anisotropy can have an enormous effect on
propagation. All parameters are defined in Table 2.2 on page 22 .
We confine ourselves to the study of single-mode fibres in this
analysis, since these are of greatest interest. For simplicity we
assume the geometrical axes of the fibre to be aligned with the
principal axes of the refractive index as in Fig 2.4 on page 21 ,
and in the calculations we restrict ourselves t o V  = V = V = V ,x y z
so that A - h - A  - A . x y z
3 .3 .2 Wave Equation for the Anisotropic Fibre
The wave equations for the electric field components of the 
anisotropic fibre are
{V 2 + k2n 2 - B2 } e = | -  {P e + P e } L t x 1 x 3x 1 x x y y
s = | -  {P e + P e ; y 9y 1 x x y y{V 2 + k2n 2 - B2 } e p }1 £ y 1 it Ait l -v -v \t \t ‘
r„ 2 , . 2 2 q2 iV + k n - B e  1 t z J = iB {P e + P e } z 1 x x y y
(3 a) 
(3b) 
(3 c)
* See footnote on PaSe
3
We have expressed the modal electric field as E_ = _e(x,y) e ^ 2 with
an implicit time dependence e , and ß is the propagation
2ttconstant of the mode. The wavenumber is k = —  and X is theA
freespace wavelength of light. The operators on the right hand side 
of eq.(3) are defined by
P e x x
P ey y
3 .3 .3 Formalism of the Green's Function Method
(4a)
(4b)
To the lowest order in A ~ 6..ij
y-polarised mode can be written as
E t = { V e10Z + 0(A) } y + 0(A) x 
where V is the familiar solutiony
(A-l) with n=n and eigenvalue ß .
^ 2find from _V»(_n *E) = 0 that
, the transverse field of the
(5)
of the scalar wave equation 
Using this representation, we
ez
3¥__y
3y + 0(A)} (6)
2Here n_ is the refractive index tensor. We next convert eqs.(3) 
into a more convenient form by adopting the same strategy as for 
isotropic fibres [8], On taking 3/3x of eq.(3c) and comparing with 
eq.(3a), we find that, for n =nv , ev can be written in the form [8]
Z X  A
. 9e _ 9
e = - -r + g + 0( A ) x ß 3x
where g satisfies the Green's function equation
(7)
h t2 + k\ 2 - ß2} g A 'S(R P  sin 20
and A is defined as 
2 2
- A
k n
ß
y
3R *
(8a)
(8b)
Here p denotes the core radius, and R = r/p is the dimensionless 
radial coordinate.
3 .3.4 Fields and Loss
The solution of eq.(8a) is given by eq.(B-8). In the cladding, 
the x-component of the y-polarised fundamental mode is then given by
A sin 20 [ —T-
w  k 2(w r )
Kq (W)
W K. (W) K (W R) 1_____ 2 x
Kn(W) K_(W )0 2 x
W K, (W ) U J. (U ) I x 1 x + x 1 x
K„(W ) 2 x J0(U ) 2 x
for
and
B > k ncl
2
e = A sin 20 [ —77
x v 2
k 2(w r )
Kq (W)
ie. when the mode is bound,
(1)
+
W K X(W) H2 (QR)
K q (W) H^1}(Q)
{
Q h [!)(Q) 
h 21}(q )
(9a)
U J.(U ) x 1 x
J0(U ) 2 x
for 3 < k n ^  , ie. when the mode is leaky. (9b)
denote Bessel functions, R= r/p , and all otherHere J ,K , H ^  v v v
symbols are defined in Appendix A.2 and Table 2.2 . We see that for 
x3 > k n e^ can be chosen to be purely real and it decays 
exponentially in the cladding. The mode is then bound. But when
cl
3 < k n must have an imaginary component and it iscl ’ x
oscillatory in the cladding. Hence power leaks away from the fibre 
and the mode is leaky. Employing eq.(9), we may calculate the loss 
of the y-polarised mode either by using perturbation theory [1] to 
calculate 3 , the exact propagation constant of the mode, or from 
Poynting's vector theorem, as shown in Appendix C. For either 
approach eqs. (C-4) and (C-8) give
i 1 7T A5/2 uV  2 I |23 = ------------- x- J ?(U ) [pJ
p 2/2
in terms of p2
V3
which is defined by
v 2
where
21
TT
31
{ Q h [1)(q ) j2(ux ) - ux J j (ux ) H^'CQ) }CD -1
(10a)
(10b)
is the imaginary part of the exact propagation constant
By. Hence from eq.(C~2) the loss is
(ID
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when p is in pm. This result is identical to that derived using 
radiation modes [1].
3.4 Calculation of the Fundamental Mode Fields for Arbitrary 
Anisotropy
3.4.1 Formalism for y-Polarised Mode
We next use the Green’s function approach [8] to calculate the 
fields of the fundamental modes of the fibre for a circularly 
symmetric step-profile with arbitrary but weak anisotropy. By 
taking 3/3x of eq.(3c), comparing with eq.(3a) and using eq.(6), 
we see that for the y-polarised mode
1
eX 7
where Sx
+ k2n 2
+ g + 0(A )x
k2n 2 n 2 32Y
- T 2- [(1 --T- ) — * - A sin 20
(12)
6(R-1)y
3 3x3y 3R p‘ 
(13 )
The function ¥ is given by eq.(A-l) with ¥ = ¥ , n=riy and
3 = 3 ,  the scalar approximation to the propagation constant of the 
mode. Similarly, by taking 3/3y of eq.(3c), comparing with 
eq.(3b) and using eq.(6), we obtain e^ for the y-polarised mode.
1
e = __y e2
where gy
, 2 2+ k n
23 T
3y'
+ g + 0(A )y
.2 2k nz
ß2
[ ( 1  - - * ö  )
23 ^
3y"
(14)
M  6(R-1)
a (1-cos20)— — ----—  ]
3R p Z
(15)
We can solve eqs.(13) and (15) using the standard Green’s function 
solution of the scalar wave equation [4,9] (see Appendix B) and
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obtain the fields of the y-polarised mode, correct to order
3.4.2 Field of the y^-Component
In the core the y-component is given by
Jq(UR)
VÜT {1 + s - 6yz 2 A
R J (UR)
+  77tT " { “ AU - 6 U/2 }Jq(U) 1 yz J
J (UR) A U2W2
+ cos 29 ------ { -------- - 6V u) 22 V A 2 A
R J (UR)
+ C0s 29 -J„(U) t 6yz u/2 1
-  6
w 2u2
yz 4 A2
(16a)
and in the cladding it is given by
Kq (WR)
Kq (W) {l + g + 6yz 2 A
R K (WR) U
+ — ---- - -  { -  AU - 6 W/2 }1 T*T yz Jkq(w) w
K (WR)
+ cos 29 ------ { -
Kq(W)
A U2W2 
2 V2 A
+ 6
2 A
2 2 W U
4 A"
R K (WR)
+ cos 29 -~v -s—  { 6  W/2 }Ka (W) l yz J
(16b)
4 5
The parameter e is an arbitrary constant of order A ~ 6. . ij
which is determined only by normalisation. If we choose the
normalisation /a |e|2 dA = N + 0(A2) , where N is given by
eq.(A-6), then we have
P  -  x J _
^ w 2 2 2 U -W 1
\ ATT u 2- w2 . (16c)yz 1 2 A3 2 A
-  J 4AU
2 u w2
R= r/p , AU and A are defined by eq.(19), and all other symbols 
are defined in Appendix A.2 and Table 2.2 . We assume A ~ 6 .
But if << A as in most fibres currently fabricated, we simply
drop the terms of order 
field correct to order A
ij in eq.(16) in order to obtain the
3.4.3 Field of the x-Component
When the y-polarised mode is bound , ie. when ß > k  n ^  , the 
x-component of the field in the core is given by
ex
J0(U R) 6
isin2S A - 2 x yx
u2 6 J-(UR)
+ - 2  ---- ]V V J0(U)
6xz
6yx
W K. (W )X I XW ax
(17a)
and in the cladding it is
K0(W R) 6 6 U J. (U )
f Y Z  A + XZ X  1 X  1 nr 2 x
*■ K0(W ) 1 fi A + 6 J0(U ) ' ax2 x yx yx 2 x
W2 6 K0(WR)
+ 0 y z 2 ]2V 6 Kn(W)yx 0
(17b)
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When the y-polarised mode is leaky , ie. when 3 < k n  ^ , the 
x-component of the field in the core is given by
A sin 20 [
J0(U R) 2 x
W
> 6 0 h |15(0)
^  A + - S  — 4;----  } b.
yx 
Jo(UR)
H^°(0)
<5 Jn(U) yx 0
(18a)
and in the cladding it is
e = A sin 20 x
H^1}(QR) 6
[ 4 n ----H^1}(Q)
A +
w2
+
yx 
K_(WR)
V2 6 K (W) yx 0
6xz
6yx
DJ,(U )x 1 x
J0(U ) 2 x
bx
(18b)
R= r/p , and the parameters AU, ax , bx and A are defined as 
follows:
- 6 U W
o a 12 A
+ A U W 
V2 A
W K,(W ) x 1 x
K0(W )2 x
Q H ^ C Q )
Hp^Q)
W KjCW)
Ko(w)
+ Ux W
W
U J,(u )X 1 X
W
-i
-i
(19a)
(19b)
(19c)
(19d)
All other symbols are defined in Appendix A.2 and Table 2.2 . We
see from eq.(17b) that for 3 > k n*^ , the x-component decays
exponentially in the cladding. However eq.(18b) shows that for
3 < k n ^  , the x-component has an oscillatory component in the
cladding and thus power leaks away from the fibre. Also for
3 < k n , e can not be chosen to be purely real.Cl x
3.4.4 The x^-Polarised Mode
The fields of the x-polarised mode are obtained from the above 
by interchanging x and y everywhere (including subscripts and 
definitions) and replacing cos 29 by - cos 20 .
3.5 Properties of the Fundamental Modes
The corrections, which the fields of the fundamental mode of an 
anisotropic fibre make to the corresponding plane polarised 
isotropic HE^ mode, are of order A and thus are always small for 
fibres that are weakly anisotropic and weakly guiding , ie.
~ A << 1 . Like the isotropic fibre, the anisotropic fibre has 
fields which are curved in the fibre cross-section. They are nearly 
plane polarised but have a small curvature component of order 
A ~ 6 . The fraction of power of the fundamental mode that
propagates in the core of the fibre changes only by order 
A ~ 6 and thus is approximately the same as for the isotropic
fibre [4] 
polarised 
mode becomes leaky.
The fraction of power in the x-coraponent of the y- 
2mode is of order A and hence is unimportant unless the
When the mode becomes leaky no significant change in these 
properties of the fundamental mode occurs. However for 3 < k n  ^
the x-component of the y-polarised mode has in the cladding an 
oscillatory component which is not bound and thus power leaks away 
from the fibre. This oscillatory part of the x-component also may 
be constructed using a wave-packet of the x-polarised radiation 
modes of the isotropic fibre [1].
The statements made here for the y-polarised mode hold 
analogously for the x-polarised mode. However, provided the
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refractive index profiles for x-polarised and y-polarised light are 
both guiding, only one of the modes can be leaky, namely the one 
corresponding to the lowest refractive index in the cladding.
3 .6 The Loss of the Leaky Mode
We now give the loss of the leaky mode of a circularly
symmetric step-profile fibre for an arbitrary choice of n . All
our results assume 
From eqs.(C-8) and (18b) we obtain
A = A x y A - A z and thus V = V - V = V x y z
3'
where
7T A5/2 u2 iP.
p 2 /2 V3 
0. is defined by
w J2(ux) +
(20a)
U J.(U ) x 1 x
K Q (W)
KX(W) (20b)
Here p2 is defined by eq.(10b) and all other quantities are defined 
in Appendix A.2 and Table- 2.2 . Hence from eqs.(C-2) and (20) we 
obtain the loss as
(21)
when p is in ym . 
anisotropy, ie. arbitrary
This result is valid for arbitrary 
, except that they must satisfy 
In Fig. 5 we have plotted the loss in dB/km versus V 
for various values of the relative birefringence 6 /A . The role
6 . . «  1ij
yx
of the relative birefringence parameter is depicted in Fig. 2. Note
5/2that from eq.(21) the loss scales as (A /p) x f(V,6^x /A) , where 
the function f depends only on the normalised frequency and the
relative birefringence, for a given type of anisotropy or fixed
value of (6__/6__) - 1 + (6 /6 ) .  In Fig. 6 we show the
vs. the relative 
V=2.4. The maximum leakage
B Llosses are
and A=0.01 , assuming p=lym . In Fig. 7 we plot the minimum
birefringence necessary to obtain a lOdB/km loss in the fibre. We
 /  =  .yz yx xz yx ± 5/2
normalised power loss coefficient 2 ß p/A
birefringence parameter 6 /A for 
3 410 dB/km and 2x10 dB/km respectively for A=0.003
A = 0.003
p =4pm
Fig.5. Loss of the fundamental mode versus normalised
frequency V for various values of the relative birefringence
<5 /A We assume n =n„ which is the case for fibres with yx z x
stress-induced birefringence.
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V =2.4
V =2.4
Fig.6 Normalized loss vs. relative birefringence 6 /A for
the y-polarized mode of Fig. 1
that V - V - V in Table 2.2 , x y
nz = nx and nz = n^ respectively, 
is Y = 8.686 x 109 3* for p in ym.
We assume A A = A so x y
Figs, (a) and (b) are for 
The loss in dB/km
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A
Fig.7
A =0.01
10 dB/ Km
OcB'km
The minimum relative birefringence 6 /A for a 10
dB/km loss of the y-polarized mode of Fig. 1 . We assume
A = A = A = A , so that V - V - V - V in Table 2.2 . x y z ’ x y z
The various cuves investigate the effect of the value of nz 
on the fibre loss. 6. - 1 - (n./n ) , for i = x,y. The
profiles are shown in Fig. 8.
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compare results for various values of n z and include fibres made
from biaxial material, ie. with n * n * nz y x The corresponding 
refractive index profiles are displayed in Fig. 8 . Let us assume
0 < 6 < A and V < 2.4 , so that all Bessel function terms inyx
eq.(20b) take positive values. Then the loss increases as nz 
increases above and also as nz decreases below n^. This can be 
seen in Figs. 9 and 10 where we have plotted the loss versus nz 
for various values of V and 6 /A • Note that eq.(21) suggests 
that there is a value of nz for which the loss vanishes. However 
this is an aberration due to the fact that we calculated the fields 
only to order A . In Fig. 11 we give examples of refractive index 
profiles for varying values of nz .
3.6.1 Approximation for Small Q
Leakage loss to the left of the first peak in Fig. 6 can be
approximated by Q+0 with U +V in eq.(20). This means replacingx x   ^ 2
Ux by Vx everywhere as well as substituting 0 / [2 J^CV^)]
for | p j 2 in eq.(20a) . In the case of practical interest, ie.
stress-induced birefringence which means nz=nx , this leads to
.5/2IT A 
p 8 / 2
w2 u2 
v3
J 2(V) )2 
V Jj(V)
which is less than 5% in error for 6 /Ayx
Eq.(2a) follows from (C-2) and noting that
(2 2)
less than 1.0 in Fig. 
Q is given by
6 .
6yx
A
(23 )
Eq.(23) follows from eqs.(A-8b) and (A-8e) on noting that 8x
3.7 Alternative Derivations of the Loss
In this Chapter we have presented the Green’s function method 
[8] and applied it to derive the fibre loss. There are other ways 
of deriving the loss which may be found in our published work [1] 
and which produce the same result for the fibre loss. In this 
Section we will briefly introduce the various approaches.
* See footnote on page 3
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n n
6U =-A/2
Fig.8 Examples of biaxial profiles depicting the role
of 6. - l-(n./n ) for i = x,y and discussed in Fig. 7.1Z l z
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100-
/ /
A =0.003
V =2.1
Fig.9 . Loss of the fundamental mode versus nz for various
values of relative birefringence 6^/A • The curves are
calculated from eq.(21) which gives the loss to leading order
in A ~ 6.. . Note that the actual loss never vanishes due iJ
to higher order correction terms.
5 5
100 —
V =  2.4
A  = 0.003
p =4 p m
6WX/A =0.6
nu(1-6uJ
Fig. 10 Loss of the fundamental mode versus nz for various
values of normalised frequency V. The curves are calculated
from eq.(21) which gives the loss to leading order in
A ~ 6.. . Note that the actual loss never vanishes due to ij
higher order correction terms.
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n2=ny
Fig.11 Examples of profiles depicting the variation of nz in
Figs. 9 and 10. (a) n =n (1-6 )z y yx (b) n =n z y (c) n =n z x
(d) n=n (1+6 )z x yx
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To start with we recognize from the physical arguments of 
Section 3.2.1 that this fibre loss is due to the fact that the 
modes are not plane polarised, ie. it is the deviation from plane 
polarisation that causes the loss. It is therefore important to 
determine the small x-component of the y-polarised mode to derive at 
the fibre loss. One direct way of doing this was presented in this 
Chapter in form of the Green's function method.
There are several other ways of constructing the small x- 
component. These are derived at by considering the nx~ and n - 
profiles to be independent to first order, each giving rise to a set 
of modes for the profile in isolation. The coupling between the 
profiles for the two orthogonal polarisation states of the light is 
then reintroduced. One then uses either standard perturbation 
theory for weakly guiding waveguides [4,11] or coupled mode theory 
[4,12] to deal with the "coupling" between degenerate modes of the 
nx~ and n-profiles in isolation of each other.
Consider a y-polarised mode of Fig. 1 with propagation
Xconstant B^<k • By considering the nx~profile in isolation we
will recognize that we can form a wavepacket of radiation modes
B =B y xbelonging to the nx~profile with propagation constant
Degenerate perturbation theory will then tell us that this
wavepacket will "couple" to the y-polarised mode and that the true
modes of the combined system, ie. the anisotropic fibre, are some
linear combination of the y-polarised mode and the wavepacket of the
x-polarised radiation modes. Either degenerate perturbation theory
or coupled mode theory can be used to determine this linear
combination (see Sections VII-IX and Appendix B of [1] ). We want
to stress that all these methods produce the same result as given in
eq.(21). However for cases other than the uniaxial cases nz=nx and
n =n the derivation is mathematically quite tedious and the Green's z y
function method is to be preferred.
In some instances it will happen that the propagation constant 
3^ of the y-polarised mode will coincide with the propagation 
constant Bx of a leaky mode of the nx~profile in isolation. This 
will happen at the peaks of the radiation patterns in Fig. 6 . We 
may then construct the mode of the anisotropic fibre as a linear
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combination of the y-polarised mode with the leaky mode. Again the 
linear combination can be derived using standard perturbation theory 
(see Appendix C of [1] ). This method gives a reasonable
approximation to the height of the first peak in the radiation 
pattern of Fig. 6 as well as giving the positions of all the 
peaks. It also gives the correct analytical form for the loss in 
the limit of zero loss.
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"Now therefore, 0 sons, listen to me,
For blessed are they who keep my ways.
"Heed instruction and be wise,
And do not neglect it.
"Blessed is the man who listens to me,
Watching daily at my gates,
Waiting at my doorposts.
"For he who finds me finds life,
And obtains favor from the Lord.
"But he who sins against me injures himself;
All those who hate me love death."
Book of Proverbs, Chapter 8, Verses 32-36.
In the beginning was the Word, 
and the Word was with God, 
and the Word was God.
He was in the beginning with God.
All things came into being by Him, 
and apart from Him
nothing came into being that has come into being. 
In Him was life, and the life was the light of men. 
And the light shines in the darkness,
And the darkness did not comprehend it.
Gospel of John, Chapter 1, Verses 1-3.
4. FUNDAMENTAL MODES OF MULTIMODE ANISOTROPIC FIBRES
4.1 Introduction
We now proceed to study anisotropic multimode fibres. We 
confine ourselves here to a study of the fundamental modes of such 
fibres but the methods also apply to the higher order modes.
We showed in Chapters 2 and 3 that the fundamental modes of 
weakly guiding, weakly anisotropic single-mode fibres are in general 
straightforward extensions of the known fundamental modes of weakly 
guiding isotropic fibres. With the important proviso that one of 
the two modes becomes leaky if the anisotropy is sufficiently large 
as shown in Chapter 3 . However in most respects the fundamental 
modes of anisotropic single-mode fibres behave like those of 
isotropic fibres, ie. the fundamental modes of an anisotropic 
monomode fibre of circular symmetry are nearly linearly polarised 
and have circularly symmetric intensity patterns. This property 
does in general not hold for the fundamental modes of anisotropic 
multimode fibres.
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All fibres considered in this chapter will be assumed to be 
weakly guiding, ie. A «  1 . All fibre parameters are defined in 
Table 2.2 on page 22. For convenience we assume the fibre axes 
x,y,z to be aligned with the principal axes of refractive index 
nv ,n„ n as shown in Fig. 2.4 on page 21.X. y Z
Consider the fibre depicted in Fig. 1, where the profile 
nx(x,y) "seen" by x-polarised light is multi-moded but the profile 
ny(x,y) "seen" by y-polarised light is single-moded. This fibre will 
exhibit all the essential features for a full study of the modes of 
anisotropic fibres, yet preserve mathematical simplicity.
Starting from the wave equation we will analyse the fundamental
modes of this fibre. We recall from Chapter 2 that the profiles
nv and n behave essentially independent and draw an analogy to x y
the behaviour of a pair of parallel isotropic fibres. From the 
analogy we conclude that there exists a special resonance case. We 
find that in this special case the fields of the fundamental modes 
of the multimode anisotropic fibre become highly curved. Having 
derived the result essentially intuitively we then give a detailed 
mathematical derivation and conclude the Chapter by presenting a 
possible application of this phenomenon!.
The work presented in this chapter has been carried out in 
collaboration with Prof. A.W.Snyder [1].
4.2 The Wave Equation
We express the electric field of a mode of the anisotropic 
fibre as E^(x,y,z) = e(x,y) x e ^ Z , where ß is the propagation 
constant of the mode. For an anisotropic fibre with principal 
refractive indices nx »ny»nz along the fibre axes x,y,z , the wave 
equations for the transverse electric field are given by
2 2 2 2 V + k n - ßt X \ e = -r—  { P e + P e } ‘ x dx 1 x x y y (la)
n 2 ,2 2 fl2V + k n - ßt y | e = - r -  { P e + P e  } y dy 1 x x  y y (lb)
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n
Fig.l Anisotropic step-profile fibre of circular symmetry. The
profile for x-polarised light, nx (----- ) , is multiraoded,
whereas the profile for y-polarised light, n^ (- - -) , is 
single-moded. We assume weak guidance, so that n ^  = n , 
and weak anisotropy, so that n^ - n - n .
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The operators on the right hand side of (1) are defined by
n 0 9e
„  —  r , f X\2  i X
pxex t 1 1z
n 0 9e
P e = { 1 - (-^)2 } ^  y y 1 nz °y z
91n n —  x
6x 9x
91n n  ^
e ---- 2L_y 3y
(2a)
(2b)
4.3 Analogy with Parallel Isotropic Fibres
For weakly guiding, weakly anisotropic fibres the right hand 
sides of eq.(l) are negligible and may generally be ignored, i.e. 
there is little coupling between x-polarised light and y-polarised 
light. Therefore, except in very special situations, to be 
discussed below, the modes of the fibre are obtained by considering 
the nx and n^ profiles in isolation from each other. The x- and y- 
polarised modes of the fibre are thus given by
x-polarised mode y-polarised mode
iß z
Ex = ex(x’y) 6
H = (en/yn)1/2 nX E y 0 0 co x
iß z
Ey - ey(x,y) e y
H = - (en/un)^ ny E x 0 0  co y
where all other components are small and ex ,ey and 
from the scalar wave equations
3 ,ß x ’ y are found
{ Vt2 + k2ni2(x,y) - 3? } ei(x,y) = 0 (4)
with i appropriately, either x or y. Then the fibre supports a y- 
polarised fundamental mode identical to that of an isotropic fibre 
with refractive index profile n = n^. An analogous condition holds 
for the x-polarised fundamental mode. In addition the fibre 
supports some x-polarised higher order modes because the nx profile 
is multimoded.
The anisotropic fibre therefore behaves analogously to a system 
composed of two parallel, single mode fibres which are unequal. The 
modes of this system are simply the fundamental modes of each fibre 
in isolation from the other [2,3]. In physical terms, negligible 
cross-talk occurs between unequal fibres.
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4.4 Resonance Condition
For a critical amount of material birefringence in Fig. 1 , the 
modes of the anisotropic fibre differ radically from those described 
above. The hint for this exceptional case comes from the analogy 
with the two parallel fibres.
When the parallel fibres are identical, the modes of the system 
differ considerably from the case discussed above [2,3]. One mode 
is a symmetric, linear combination of the modes of each fibre in 
isolation, while the other is given by an antisymmetric, linear 
combination. In physical terms, significant cross-talk now occurs 
between the fibres, leading to periodic total power transfer between 
the fibres.
An analogous phenomenon occurs for the anisotropic fibre of 
Fig. 1 if the birefringence is such that the mode of the n^ profile 
has the same propagation constant (or equivalently the same 
effective refractive index) as a higher order mode of the nx 
profile. A y-polarised source now excites two modes of the
anisotropic fibre. These modes are formed by symmetric and 
antisymmetric combinations of the fundamental y-polarised mode and 
the x-polarised higher order mode of the n and nx profiles in 
isolation, respectively. On the other hand, the fibre still 
supports the fundamental x-polarised mode of the nx profile in 
isolation.
4.5 Mathematical Analysis
To determine the modes of multimode anisotropic fibres we start 
from the wave equations given in Section 4.2 . As the right hand 
sides are of order |6| or A and thus negligible, they may be 
neglected in a first order perturbation solution. The modes 
obtained in this way, i.e. from eqs. (3) and (4), are nonetheless 
very good approximations of the exact modes as any corrections are 
of order j 6 j or A and hence are small. The exception to this rule 
occurs when two or more of the modes thus determined carry identical 
or very similar eigenvalues 3. We then have to resort to degenerate 
perturbation theory as applied by Snyder and Young [3 ] . The exact
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modes are then given by some linear combination of the degenerate 
first order solutions. We stress though that this only applies when 
the ß's are nearly identical and thus nearly always the first order 
solutions do provide very accurate approximations of the exact 
modes.
If there exists such a degeneracy, ie. ß - ß for some modes a a x y
e^ _x of the nx~profile and e^ y_ of the n^-profile, then the 
transverse fields of the true modes of the anisotropic fibre can be 
written as
E . = fe y + a e x) e ^ lZ — tl y —  x — '
E _ = (e x + b e y) e ^ 2Z — 12 v x —  y —
(5a)
(5b)
Here x and y are unit vectors, e x and e y are the orthonormal —  —  ’ x —  y —
modes as obtained from eq. (4) (ie.assuming independent n - and n -x y
profiles) with i = x and y, respectively, and a,b are unknown 
constants. We let ß denote the common value of the propagation
^  A A
constant of the modes e . x and e y , and ß. = ß + 6ß. ,withx —  y —  i o l
i=l,2 denotes the propagation constants of the exact modes. Since 
we are only dealing with bound modes here all propagation constants 
are real and it is then possible to choose the transverse field 
components ex and e^ to be real (see Section 30 of [2]).
Orthonormality of the exact modes _E of the anisotropic fibre 
in eq.(5) requires that
a = - b (6)
A A
since e x and e y are orthonormal modes, x —  y —
We substitute eq. (5a) into eq. (la) for the exact modes
je(x,y) of the anisotropic fibre, taking e^ - e^ and e^ - ae^, and
multiply through by ex. Then we multiply eq. (4), with i = x, by
e^, subtract the two equations and integrate over the infinite
cross-section. We define 
9e .
/A 1 3i 1 I Pjej 1 dA
Ci3 (7)
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where i,j are either x or y. Thus we obtain
8 - 3 = -C - —  Cx xx a xy
By an analogous operation on eq. (lb) we obtain
_ 2
8 -
28 =y -C - a C yy yx
(8a)
(8b)
Unless 8x - 6^ the coupling will be small and unimportant (except in 
cases where it gives rise to loss as discussed in Chapter 3), the
A
first order solutions e^ and e^ y themselves then being very 
good approximations of the exact modes.
Let us consider the resonance case, where
2 2
8 = 8 - CO X XX
2
8 -y cyy (9)
Then assuming C 4= 0 and using eq.(9) we obtain from eqs.(8) 
2 _ Cxy "
a cyx
and likewise we can show that
xy
From eq.(6) this gives 
a4 = 1
Now since all other quantities in eqs.(7) and (8) are real, a 
also be real, thus 
a = ± 1
and therefore we find from eq.(lOa) that
that
(10a)
(10b)
(11)
must
(1 2)
C = C yx xy (13 )
Assuming that e^ is the fundamental y-polarised mode, the
condition that C = C is nonzero requires that the x-polarised yx xy
mode ex has sin2<j) symmetry, otherwise the corresponding integrals 
vanish. Hence the y-polarised LPq  ^ mode will only couple to x- 
polarised LP2m modes. From eqs.(8), (9) and (7) we obtain then
< 5 6 1 6 = o
-  1
26 o
3e
a } { P e dy J 1 x x dA
e2 dAy
(14)
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where Pxex is defined by eq. (2a).
4 .6 Application
To clarify the physics we assume the fibre of Fig. 1 has 
circular symmetry with = 2.4, Vx = 5.0, A^ = 0.003 0 ,
= 0.013 0 , and nz = nx. All parameters are defined in Table
2.2. We take the anisotropy parameter 6 of Table 2.2 to be 
6 = 0.0076. Then the y-polarised LPq  ^ mode and the x-polarised ^ 2 1  
mode of the n^ and nx profiles in isolation, respectively, have the 
same propagation constant. Accordingly, the two modes of the 
anisotropic fibre excited by a y-polarised source are given by 
symmetric and antisymmetric combinations of the LPq  ^ and LP?  ^ modes 
as shown in Fig. 2 . The mathematics given above shows that the
linear combination must involve an LPq  ^ mode together with a mode 
of sin 2 4> symmetry, or equivalently, the y-polarised LPq  ^ mode 
couples only with an x-polarised mode with sin 2<f> symmetry.
The propagation constants of the ± modes are ß+ and 3_
respectively. For the fibre considered here, the beatlength
tt/(6+ - 3_) is approximately 6000 p , where p is the core 
radius.
In summary, the anisotropic fibre of Fig. 1 will propagate 
only the + and - "clover leaf" modes of Fig. 2 for y-polarised 
illumination. A y-polarised source will excite both modes 
equally. Then the total field of the anisotropic fibre initially is 
that of a y-polarised LPq  ^ mode on a V = 2.4 fibre. In a distance 
ir/(ß+ - ß_) - 6000 p, the total field is that of an x-polarised 
1^21 mode with sin 2<f> symmetry on a V = 5 fibre. For x-polarised 
illumination, the fundamental mode of the anisotropic fibre is the 
x-polarised LPq  ^ mode of a V = 5 fibre. Knowing these modes allows 
us to describe the strong polarisation characteristics of such 
fibres which may have practical applications for optical devices.
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anisotropic fibre ny profile nx profile
(-) mode
Fig.2 The intensity patterns and field directions in the core
of the fibre. ± "clover leaf" modes of the anisotropic fibre 
are formed by symmetric and antisymmetric combinations, 
respectively, of the familiar LPq  ^ mode of the n^ profile and 
the LP?j mode of the nx profile.
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Wisdom has built her house,
She has hewn out her seven pillars;
She has prepared her food, she has mixed her wine;
She has also set her table;
She has sent out her maidens, she calls 
From the tops of the heights of the city:
"Whoever is naive, let him turn in here!"
To him who lacks understanding she says,
"Come, eat my food,
And drink the wine I have mixed.
"Forsake your folly and live,
And proceed in the way of understanding."
Book of Proverbs, Chapter 9, Verses 1-6.
There was the true light which,
coming into the world, enlightens every man.
He was in the world, and the world was made through 
Him, and the world did not know Him.
He came to His own, and those who were His own did 
not receive Him.
But as many as received Him, to them He gave the 
right to become children of God, even those who 
believe in His name,
who were b o m  not of blood, nor of the will of the 
flesh, nor of the will of man, but of God.
Gospel of John, Chapter 1, Verses 9-13.
This far we have restricted ourselves to the study of weakly 
anisotropic fibres, i.e. the anisotropy parameters of Table 2.2
investigate anisotropic fibres of arbitrarily high birefringence. 
This extreme case of ultrahigh birefringent fibres provides deeper 
insight into the polarisation properties of anisotropic fibres, 
although it cannot be realised by present technology.
We first derive a set of coupled equations governing the 
behaviour of weakly guiding fibres of arbitrary anisotropy. From
these we deduce certain general properties of anisotropic fibres. 
We go on to study fibres with transverse anisotropy. For these 
fibres nx ^  ny and the two equations decouple. In general there 
are no analytical solutions to our knowledge. However, there are
EXTREMELY BIREFRINGENT OPTICAL FIBRES
5.1 Introduction
« 1 We now remove this restriction and proceed to
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certain special cases for which we obtain analytical solutions.
Finally we consider uniaxial fibres for which n = n $ nx y z
The material presented in this chapter is the result of 
research undertaken in collaboration with Prof. A.W.Snyder [1].
5.2 Restriction
We continue to assume that the fibre is weakly guiding, i.e. 
the profile height parameters of Table 2.2 satisfy A «  1 . All 
fibre parameters are defined in Table 2.2 on page 22. For 
convenience we also assume the fibre axes x,y,z to be aligned with 
the principal axes of refractive index nx »ny»nz as s^own i-n Fig. 
2.4 on page 21. We further assume that the nx and n profiles of 
Fig. 1 are well separated, i.e. 6 ^  >> A, and also that the nz 
profile be well separated from both the nx and n^ profiles or 
otherwise that the corresponding A^ are equal. Under these 
conditions, the 6 „ ’s °f Table 2.2 may be taken to be independent 
of position x,y in the fibre cross-section. Furthermore, we can 
ignore any effects due solely to the fibre structure as these are 
swamped by material birefringence.
5.3 Fundamental Equations for Weakly Guiding Anisotropic Fibres
The wave equations for anisotropic fibres are given in 
eq.(4.1). If we ignore all terms involving derivatives of the 
refractive index we obtain
(la)
(lb)
These are the fundamental equations for the modes of a weakly 
guiding fibre composed of anisotropic material. For reasons 
discussed in Section 5.2 above, the ratios nx/nz and n^/nz are taken 
to be independent of position.
n 2
K— )
z
.2
+
9y
3 , ,22, v—  + k nx(x,y)
n 2y-- A t +2 ln 9x z 9y
8 , ,2 2 , .—  + k n (x,y)
-  -  { 1  -
r}e = {1 J y 1
n 2 9 2e
(JL) } __In^  ^ ' 9x9y z
n 2 9 2er-2S] i __^n^  ^ ' 9x9y z
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radius r
Fig» 1 Typical refractive index profiles on a circularly2
symmetric fibre for and n^ showing that 1 - (ny/nx ) and 
ny/nx are nearly constant for a fibre of ultrahigh 
birefringence, ie. 6 >> and i=x,y.
5.4 General Properties of Modes on Anisotropic Fibres
From eq. (1) we observe two important general properties of 
modes on anisotropic fibres. Firstly, because the equations are 
coupled, the modes are not in general plane polarised. Secondly, 
the parameters n-i/nz> multiplying the second derivative terms on the 
left hand side of eq. (1), cause the modal fields and intensity 
patterns of fundamental modes to be noncircular, even on fibres with 
circular cross-sections.
We next show that the modal fields are approximately plane 
polarised unless the fibre is virtually uniaxial, i.e. unless
n = n * n in Table 2.2 . This is followed by a discussion ofx y z
the uniaxial fibre.
5.5 Modes of Fibres with Transverse Anisotropy
We now investigate the modes of fibres for which n * n , ie.x y
they display transverse anisotropy. We find that for such fibres 
the solutions of eq. (1) decouple, i.e. they separate into sets of
(2a) 
(2b)
(2c)
x- and y-polarised, TEM modes of the form
x-polarised mode y-polarised mode
iß z
Ex = ex(x,y)e
iß z
Ey = ey(x,y)e y
H = f-- z n Ey ' co x0
H = )^ 2ny Ex y co yo y
n 2 2 ~2 2 2 2
{ ( ) -- 2 + -- 2 + k n -ß }e -01 ^ n '  ^ - z x x J xz 9x dy
o.2 n 2 2  2 2 2
{ 7 + (— )  7 + k n -ß }e =0
3x V  ^ 7  y y y
where all other components are zero.
5.5.1 x-Polarised Modes:
We assumed e 0 in order to write the x-polarised modes as in 
eq. (2). We can check for consistency by solving eq. (2c) for e ,
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substituting this value back into eq. (lb) with 3 = 8x and solving 
for e . If e is small, the x-polarised mode is a good 
approximation. Unless n^ - n , we have
6
p 2{k2n 2 - 8 2} - (pk)2(n2 - n 2) - - V 2y x y x x Ax
(3)
where all quantities are defined in Table 2.2 . The weak guidance 
approximation assumes -* 0 with V fixed [2,3], so that the 
expression is large compared to unity unless the fibre is virtually 
uniaxial with nx = n . Accordingly, the correction to the "x"- 
polarised field is found from eqs.(lb) and (3) to be
- P2
3 2er_^3x3yj (4a)
which is small for weakly guiding fibres provided the fibre is not
virtually uniaxial with 6 0 . We discuss the uniaxial case--------- ---------------------  yx ---
below.
5.5.2 y—Polarised Modes and Leakage Losses
An analogous argument holds for the y-polarised mode so we find 
that the electric field of this mode has a very small x-component 
given by
e - x
6_yz_
V 2y
(1 - 26 
"1yx
3 2e___y
3x3y (4b)
There is, however, one crucial difference between the x- and 
y-polarised modes of the profile of Fig. 1 when 6 >> A. All
y-polarised modes are leaky, i.e. 3 has a small imaginary part,
i y
8 , as discussed in Chapter 3 . In the large birefringence limit
8^ for the fundamental y-polarised mode has the form
(5a)
when n = n , assuming A = A = A so that V - V - V . and z x x y x y
U 2 = (l + 6 /A) V 2 - W 2x  ^ yx J y (5b)
where is approximated by
W = 1.1428V - 0.996 (6)y
over the range 1.5 < V < 2.5. At V = 2.4, the accuracy of eq. (5a)
is better than 15%, 10%, 5% for 6 /A greater than 2.3, 4.8, 8.5
respectively.
5.5.3 Single-Polarisation Fibres
All y-polarised modes can be shown to be leaky for the case of
high birefringence, i.e. 6 /A >> 1 , which we are considering.
Hence these modes are clearly eliminated in sufficiently long 
fibres. All fibres considered in this Section are therefore 
effectively single-polarisation fibres.
5.6 Properties of Plane Polarised Modes
We now investigate the properties of the plane polarised modes,
using the x-polarised modes as an example. By making the
transformation x = (n /n )x in eq.(2c), we obtainz x
{ V2 + k2n2 (x,y) - B2 } e (x,y) = 0 (7)
which in the x,y framework is the usual scalar wave equation but the 
effect of the anisotropy, nx/nz, is equivalent to a deformation of 
n(x,y) in an isotropic fibre.
In conclusion, anisotropy, as measured by either nx/nz or
n./n , has the effect of deforming the modal intensity pattern. In y z
other words, to find the modes of a circularly symmetric, 
birefringent fibre, we represent the fields as in eqs.(2a) and (2b) 
and solve the scalar wave equation for an isotropic fibre with an 
elliptical cross-section. The modal properties of such fibres are 
discussed in Section 16 of [4]. The fundamental modes can be
approximated using the Gaussian approximation [4,5]. In Fig. 2 we 
give a schematic diagram of the x-polarised fundamental modes of a 
birefringent fibre with circular symmetry.
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/
/
/l
\\
core-clad 
___ /  boundary
n x >> n z n x << n z
Fig.2 Schematic diagram of the x-polarised fundamental modes
of a birefringent fibre for which nx and n^ of Table 2.2 
differ. Arrows give the E direction and the shaded areas 
represent relatively high intensity.
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5.7 Analytical Solutions for Anisotropic Fibres
Because the anisotropy, nx/nz and/or n^/nz, is equivalent to 
elliptically deforming the cross-section of a circularly symmetric 
isotropic fibre, it is clear that in certain situations, the 
birefringence can be arranged to deform an elliptical cross-section 
into a circularly symmetric isotropic fibre. To show this, consider 
a birefringent fibre whose core-cladding interface is described by
(x/p )2 + (y/p )2 = 1 (8)x y
5.7.1 x-Polarised Modes
By performing the transformation leading to eq.(7) we find 
that, in the x,y space, eq.(8) becomes
(xn /n p )2 + (y/p )2 x z x y (9)
Accordingly, when p^/p^ = nx^nz » birefringent fibre behaves
like an isotropic fibre with a circular cross-section of radius p^ 
in the x,y plane. Thus, we need solve only the familiar scalar 
wave equation for a circular fibre, and then replace
x2 + y2 by (n /n ) 2 x 2 + y2 .z x
As a specific example, we could make the above substitutions in 
the exact solution of the scalar wave equation for the step profile 
fibre. To give a qualitative appreciation, we consider a 
fundamental mode and approximate its field in eq.(2a) using the 
Gaussian approximation. This leads to
- v2 ( ^ ) 2
e (r) - e x (10)
where rx , the spot size, depends on the refractive index profile 
[5], e.g. for the step profile fibre
r2 = p2/£n V 2 x x (11)
79
where 3 is given by [5]
(p3)2 - (pknx)2 - £n V 2 - 1 (12)
Thus, the x-polarised fundamental mode has the form
n £nV2
- V2 {(-^)2 x 2 + y 2} —
e^ = e x p2 (13)
where p is everywhere taken to be p
5.7.2 y—Polarised Modes
Because different values of p /p result forx y
The y-polarised modes follow analogously and are obtained from 
the x-polarised modes by interchanging x and y everywhere. The 
radius p is then p^ , 
x- and y-polarised modes, in general the above solutions apply for 
one polarisation only. However, in the special case when 
n2 = nxny > the solutions apply to both polarisations as we discuss 
below.
5.7 .3 A Special Case
Suppose the fibre parameters nx and n^ are specified. Then, 
from Sections 5.7.1 and 5.7.2 above, we find that both the x- and 
y-polarised modes can be determined from a circular fibre in the 
transformed world (either x,y or y,x ) when
n2 = n n z x y
which, from the above sections, demands that
(14)
p /p = (n /n ) x y x y
1/2 (15)
In this case the description of both the x- and y-polarised modes, 
given in Sections 5.7.1 and 5.7.2 above, applies on the same fibre.
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5.8 Uniaxial Fibres (riy = nx 4= n2)
From Section 5.5, we anticipate that the modes of a uniaxial 
fibre, i.e. one with n^ = n^, are significantly different from the 
plane polarised modes of an n^ , 4 nx fibre. The situation is
analogous to the TEq  ^ mode of a nearly circular fibre. This mode 
has fields which are polarised radially in the cross-section of 
circular fibres, but are plane polarised along the major and minor 
axes of elliptical fibres [2,4]. The more weakly guiding the fibre, 
the less the deformation required for the modes to be linearly 
polarised. Hence near perfect circular symmetry is required to get 
radially polarised modes.
5.8.1 Modes of the Uniaxial Fibre
By setting n^ = nx in eq. (2), we obtain symmetrical coupled 
equations for determining the modes of a uniaxial fibre. These 
equations have even and odd solutions, e.g. for a step-profile 
fibre the even fundamental mode is given by
e^ = (Jq ~ J 2 cos2<}>) - a(J0 + J 2 cos2<})) (1 6a)
ey (J 2 + aJ 2)sin2c{> (16b)
in the core, where J = J(UR) and J = J( k UR) withco
U 2 = { (knX )2 - ß 2}p2 and k = n Z /nX . The cladding fields have 1 co J co co co
a parallel form involving the modified Hankel function K. The 
unknown coefficient, "a", and the eigenvalue equation follow by 
requiring the continuity of ex , e^ and their first derivatives. We 
refer the reader to the exact results of the uniaxial step profile 
fibre [6], because the weak guidance limit discussed here has nearly 
the same complexity.
5.8.2 Modal Characteristics of a Step Profile Fibre
It is clear from eq.(16) that the modal fields are not, in 
general, plane polarised. In Fig. 3 we provide the intensity 
contours and transverse electric field directions for three cases, 
each case calculated at the maximum Vx value for single mode
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Fig .3
n7 =
core-clad
boundary
/  90% Max. 
intensity
50% Max. \  
intensity
n , = n
x - p o l a r i s e d  fu n d am e n ta l  modes o f  t h e  u n i a x i a l ,  n = n „ ,x y
s t e p  p r o f i l e  f i b r e  w i t h  c i r c u l a r  symmetry.  Each f i g u r e  i s  
c a l c u l a t e d  a t  t h e  maximum V f o r  s i n g l e  mode o p e r a t i o n .  Thus,  
V=2.4 f o r  t h e  i s o t r o p i c  nz=nx f i b r e  and t h e  n z=0.1 nx
f i b r e ,  w h i l e  V=0.24 f o r  t h e  n z=10 nx f i b r e .  The r e s p e c t i v e  
U v a l u e s  a r e  U = 1 .65 ;  2 . 4 ;  0 . 2 4 ,  where U i s  d e f i n e d  unde r  
e q . ( 1 6 ) .
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operation. Note that the intensity contours are noncircular and the 
fields are not plane polarised. Thus, the fields of a uniaxial 
fibre, with nz significantly different from nx, differ dramatically 
from those of the fibres discussed previously in Section 5.5.
We emphasize that the values of anisotropy chosen for Fig. 3 , 
are unrealistic. They are used intentionally to clearly display the 
physical principles. For realistic values the modes are nearly 
uniformly polarised.
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He who corrects a scoffer gets dishonor for himself,
And he who reproves a wicked man gets insults for himself. 
do not reprove a scoffer, lest he hate you,
Reprove a wise man, and he will love you.
Give instruction to a wise man, and he will he still wiser, 
Teach a righteous man, and he will increase in his learning. 
The fear of the Lord is the beginning of wisdom,
And the knowledge of the Holy One is understanding.
For by me your days will be multiplied,
And years of life will be added to you.
If you are wise, you are wise for yourself,
And if you scoff, you alone will bear it.
Book of Proverbs, Chapter 9, Verses 7-12.
And the Word became flesh, and dwelt among us, and we beheld 
His glory, glory as of the only begotten from the Father, 
full of grace and truth.
John bore witness of Him, and cried out, saying, "This was 
He of whom I said, 'He who comes after me has a higher rank 
than I for He existed before me."'
For of His fulness we have all received, and grace upon grace. 
For the Lazo was given through Moses; grace and truth were 
realized through Jesus Christ.
No man has seen God at any time; the only begotten God, who 
is in the bosom of the Father, He has explained Him.
Gospel of John, Chapter 1, Verses 14-18.
6. ANISOTROPIC FIBRES WITH A FINITE CLADDING 
6.1 Introduction
Up to now we have always studied fibres whose cladding was 
assumed to extend out to infinity. This is a common and useful 
assumption in optical fibre theory [1]; it simplifies the analysis 
considerably and often is a necessary assumption in order to obtain 
a closed form solution. However, real fibres always have a finite 
cladding. Outside the cladding there is either a fibre jacket or 
just air. In particular the outermost region is always isotropic. 
The question arises whether our analysis in the previous Chapters is 
still valid. It is easily seen that the infinite cladding 
assumption will be a good approximation for bound mode fields since 
these fields rapidly decay (exponentially) outside the fibre core 
and are negligible outside the cladding region, for a reasonable 
size cladding.
For leaky modes this is a more serious question and we will 
investigate it in this Chapter. However we want to point out from 
the start that it is not understood in detail and the main
justification for our use of the infinite cladding assumption for 
leaky modes rests on the fact that it is a useful assumption for 
understanding the basic principles of leakage in a conceptual 
model. The precise behaviour depends intimately on the fibre 
properties, eg. absorption coefficient of the cladding and the 
'cladding modes'of the fibre.
Our leaky mode design for a single polarisation fibre in 
Section 3 .2 depends on the fact that a y-polarised mode becomes 
leaky through its minor x-component for sufficient fibre
anisotropy. There are other designs for single-polarisation 
fibres. For instance, the W-type fibre suggested by Stolen et al. 
[2] relies on the difference in cutoffs between the two modes to 
ensure one mode propagates while the other is cutoff. Also there is 
the bow-tie fibre fabricated by Payne et al. [3-6] which relies on 
differential microbending or pure bending loss between the two 
polarisations. The refractive index profiles for x- and y-polarised
[7] which leads to distinct microbending edges for the two 
polarisations. In the region between these two microbending edges 
one mode is essentially cutoff while the other still propagates. 
This leads to effective single-polarisation operation. Both of
these designs depend on mechanisms which involve the major field 
component. By contrast, our design depends on leakage through the 
minor field component of a mode. Hence our mechanism is 
intrinsically more difficult to observe and will be more easily 
masked by other effects which depend on the major field component. 
Our prediction for the leaky mode design has not yet been observed 
experimentally. Initially it was thought to have been seen on bow- 
tie fibres [4,6] , but later it became clear that their effect is of
a different nature [5-7] as outlined above. In this Chapter then, 
we will consider whether it is realistic to expect to see our leaky 
mode effect on real fibres which have a finite cladding.
As an example, we will model the loss of the leaky mode on 
fibres with a finite cladding by absorption of the modal power in 
the jacket. In this work we ignore the effect of bending and 
microbending on the leaky mode loss. However in any real fibre
these effects will enhance the loss of our simplified model, since
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they cause further modal power to be injected into the fibre jacket, 
whereby it becomes essentially lost to the fibre. Our simple model 
incorporates the main feature of leaky modes, ie. the modal power no 
longer remains localised in the core.
The material presented in this Chapter is the result of 
research undertaken under the supervision of Dr. J.D. Love. I also 
greatly benefitted from discussions with Dr. C. Pask on this 
topic.
6.2 Review of the Infinite Cladding Fibre
As noted before, the Snyder-Rühl 'Leaky Mode' effect depends 
upon the minor x-component of an essentially y-polarised mode. 
Since the detailed profile shape of the optical fibre is relatively 
insignificant for our purposes (see Chapter 2.4) and we are mainly 
interested in the degree of anisotropy of the refractive index 
profile, we may for convenience consider step profile fibres. If 
one makes use of the infinite cladding assumption it will be quite 
easily seen that, given a certain minimum profile anisotropy the y- 
polarised mode will be leaky (see Chapter 3.2) .
On an isotropic fibre, it is well known that a mode with a 
propagation constant ß=k n ^  is bound if the effective refractive 
index n0ff lies between nCQ and n ^  , the core and cladding
refractive indices, (assuming nCQ > nc^). If, however, ne£f is
less than the cladding index nc  ^ then the mode will be a leaky mode 
and will radiate energy away from the fibre. Physically this is
seen when one notes that for neff < n  ^ the mode would propagate 
at a speed greater than the speed of light for plane waves in the 
cladding material. This is physically not possible. Thus such
modes incur radiation losses.
A typical anisotropic fibre (cladding assumed infinite) is
depicted in Fig.l , where A denotes the profile height (we assume
for simplicity A^ = A^ - A ) and 6 indicates the degree of
anisotropy. A mode on the fibre is schematically represented by its
effective refractive index n = ß/k . It is clear that the x-ef f
polarised Mode 1 is a bound mode on this fibre since its effective
8 7
Mode 1
Mode 2
Fig.l Profile of an anisotropic fibre with infinite cladding. The 
x-polarised Mode 1 is a bound mode on this fibre, whereas 
the y-polarised mode 2 will be leaky on account of its x-
component. For simplicity we assume A. All
parameters are defined in Table 2.2
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refractive index is such that it will be bound relative to both the
profile for x-polarised light and the profile for y-polarised
light. However the y-polarised Mode 2 will be leaky on account of
its x-component which will radiate energy from the fibre since
n ^  < n ^  . Physically the mode would propagate faster than the
speed of x-polarised plane waves in the cladding, hence it will
loose energy. Since Mode 2 is y-polarised, its x-component is
relatively small, of order A . Therefore the attenuation of this
mode is of course considerably smaller than the attenuation of an
2isotropic leaky mode, namely by a factor of order A (see Section 
6.3.4). Yet, because of the tremendous losses of leaky modes on 
isotropic fibres (see Fig. 24-4 of [1]), this is still a 
considerable loss. For instance for A = 0.01 , 6/A - 1 ,
p = 5 pm , V = 2.4 the predicted loss is about 1000 dB/km.
Because of this potentially high loss of the y-polarised mode 
and the fact that there are no special requirements on the 
refractive index profile of the fibre, apart from sufficient 
anisotropy, the Snyder-Rühl ’Leaky Mode’ effect offers great 
potential for single polarisation operation of single-mode fibres.
We have discussed the Snyder-Rühl ’Leaky Mode' effect on a two- 
region fibre, ie. under the assumption of an infinite cladding 
(whereby the anisotropy would continue out to infinity). However 
real fibres do not have an infinite cladding but instead have a 
third, isotropic region, which we shall call the 'jacket'. The 
question arises of how the existence of the jacket affects the 
validity of the assumption of an infinite cladding.
6.3 Fibres with a Finite Cladding
6.3 .1 Isotropic Leaky Mode
Let us first consider the case of a leaky mode on isotropic
fibres. Typical profiles for isotropic fibres with and without
infinite cladding are given in Figs. 2a and 2b. We shall assume
that the third region in Fig.2b is of lower refractive index n^  
than the effective refractive index ß/k of the leaky mode with 
propagation constant 8 (and therefore lower than the cladding
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Fig.2 A mode which is leaky on an isotropic fibre with infinite 
cladding (a) is electromagnetically bound on a fibre with 
finite cladding (b). The profile heights A and A are 
defined in eq.(D-12).
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index). For otherwise there can be no question of the validity of
our previous discussion of the leaky mode and its radiation of
energy away from the fibre. However, through the addition of the
'jacket’ region of refractive index n. < ß/k < n , the situationJ cl
has changed. The mode shown with propagation constant ß < k n ^ 
which was leaky under the infinite cladding assumption is now 
electromagnetically bound. That is, on a straight, uniform, 
lossless fibre it would propagate without loss indefinitely.
However in practice such a mode behaves as a leaky mode just as 
predicted by the infinite cladding assumption. There are probably 
at least two factors contributing to this phenomenon. Firstly, the 
mode has become a bound mode through the addition of the jacket, but 
it is a bound mode of a much wider structure. Hence the fields are 
much more spread out and are more susceptible to bending and 
microbending losses. Secondly, the core and inner cladding layers 
are made of very pure materials to keep losses minimal. This is not 
true of the jacket, instead this will consist of much more lossy 
material. We may therefore consider that light which penetrates out 
into the jacket is essentially absorbed, or else radiated as bending 
and microbending loss. In this case then it can be anticipated that 
the properties of the fibre with finite cladding will be similar to 
those of the fibre with infinite cladding.
6.3 .2 Anisotropic Leaky Mode
Henceforth we will refer by the term 'isotropic leaky mode' to 
a mode leaking through its major field component and the term 
'anisotropic leaky mode' will designate a mode on an anisotropic 
fibre with a bound major field component and a leaky minor field 
component.
Let us now consider the case of a y-polarised leaky mode on an 
anisotropic fibre, ie. a y-polarised bound mode but leaky through 
its minor x-component. Typical refractive index profiles for 
anisotropic fibres with and without an infinite cladding are given 
in Figs. 3a and 3b. Once again, we shall assume that the isotropic 
third region is of lower refractive index than ß /k , the effective
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a) b)
Fig.3 Refractive index profiles for an anisotropic fibre. A mode 
which has a leaky x-component on a fibre with finite 
cladding (a) is electromagnetically bound on a fibre with 
finite cladding (b). A , A are the core-cladding profile_ x y
heights and A^, A^ are the core-jacket profile heights, 
respectively. They are defined analogously to eq.(D-12).
92
refractive index for the y-polarised 'leaky mode', ie.
k n^ < < k . For if it is not, then both the y-component
and the x-component of the mode will be radiating energy by the 
same reasoning as for the isotropic leaky mode with infinite 
cladding.
On the two-region (ie. infinite cladding) model of the 
anisotropic fibre, the y-polarised mode would be bound till we reach 
a certain minimum relative birefringence 6/A (see Chapter 3.2)
such that 3 k n" For greater values of relativey cl
birefringence 6/A the y-polarised mode will be leaky through its 
minor x-component.
On the two-region anisotropic fibre the leakage mechanism is 
seen in that the field of the minor x-component becomes radiative 
once the birefringence exceeds the critical value. From our 
previous discussion of isotropic leaky modes we anticipate that the 
corresponding leakage mechanism on the fibre with finite cladding 
will involve absorption of modal power in the jacket.
The absorption loss y in the jacket in decibels over a length 
L is given by
Y = 4.J4 a, n, L (1)
where
 3  .  .
J J
cij is the absorption coefficient of the jacket material and 
rij is the fraction of the modal power in the jacket.
Thus if the effect we predicted for the fibre with infinite 
cladding (see Chapter 3 .2) has its analog on the fibre with finite 
cladding we would anticipate that the modal power in the jacket 
suddenly increases once the fibre birefringence exceeds the critical 
value.
To investigate this hypothesis we calculate the modal fields of 
the anisotropic three-region step-profile fibre (details are given 
in Appendix E). We use the fields to compute the modal power in the 
jacket for a y-polarised mode as its relative birefringence 
increases past the 'cutoff point' for leakage. The results are 
plotted in Figs. 4-6 for different choices of parameters (all of 
which are defined in Fig. 3b). We see that for very low relative 
birefringence the modal power in the jacket is over 10 orders of 
magnitude down on the total power of the mode (for a cladding region
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Fig.4 Modal power in dB of the x- and y-components of a y-
polarised mode on an anisotropic fibre with finite cladding 
as a function of relative birefringence (S/A . The regions 
where the mode would be ’bound' or ’leaky' on the anisotropic 
fibre with infinite cladding are shown by the dashed vertical 
line. The fraction of power (in %) in the jacket, tk , of 
the isotropic leaky modes corresponding to the 'spikes' in 
the x-polarised power are shown along the abscissa (see 
Section 6.3.3). The parameters for this fibre are V=2.4,
A=0.01 , ss = A /A = 4.0 , t=10 and we assumex
A - A - ^ . All parameters are shown in Fig.3 .x y
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Fig. 5 Modal power in dB of the x- and y-components of a y- 
polarised mode on an anisotropic fibre with finite cladding 
as a function of relative birefringence 6/A . The regions 
where the mode would be ’bound' or 'leaky' on the anisotropic 
fibre with infinite cladding are shown by the dashed vertical 
line. The fraction of power (in %) in the jacket, ru , of 
the isotropic leaky modes corresponding to the 'spikes' in 
the x-polarised power are shown along the abscissa (see 
Section 6.3.3). The parameters for this fibre are V=2.4,
A = 0.01 , s s = A / A = 2 . 0  , t=l0 and we assumex
A = A - A . All parameters are shown in Fig.3 .
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Fig. 6 Modal power in dB of the x- and y-components of a y- 
polarised mode on an anisotropic fibre with finite cladding 
as a function of relative birefringence 6/A . The regions 
where the mode would be 'bound' or 'leaky' on the anisotropic 
fibre with infinite cladding are shown by the dashed vertical 
line. The fraction of power (in %) in the jacket, , of
the, isotropic leaky modes corresponding to the 'spikes' in 
the x-polarised power are shown along the abscissa (see 
Section 6.3.3). The parameters for this fibre are V=2.0,
A = 0.01 , ss = "Ä /A = 2.0 , t=10 and we assumex
A^ = Ay = A . All parameters are shown in Fig.3 .
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that extends out to 10 core diameters) and is predominantly y-
2polarised. The x-polarised power in the jacket is of order A 
lower than this for very low relative birefringence. However as 
6/A increases past the minimum birefringence for leakage on the 
two-region model, the x-polarised power in the jacket suddenly 
increases markedly by about 10 orders of magnitude, making up about 
1 % of the total x-polarised power in the fibre. So indeed, we 
observe a marked increase in the modal power in the jacket as we go 
past the critical point for leakage. In Section 6.3 .4 we will 
compare the results to that for isotropic leaky modes.
6.3 .3 Modal Degeneracies on the Anisotropic Fibre
First, we want to address some questions of the ’fine- 
structure’ of the graphs in Figs. 4-6. There are very noticable 
'spikes’ in the x-polarised power curves as one goes past cutoff. 
These occur when the fibre parameters are such that there exists an 
’x-polarised’ isotropic leaky mode (leaking through its major field 
component) with the same ß as the 'y-polarised ’ mode and the same 
symmetry, ie. sin 20 symmetry (see Chapter 3.4), as the leaky x- 
component of the ’y-polarised’ mode. For these cases the usual 
Green's Function does not exist and one would have to use a 
generalised Green’s Function concept (see p.407 of [8] or pp.390,466 
of [9]). Physically at these points we have a degeneracy and the 
true modes cease to be plane polarised and instead have curved 
fieldlines in the fibre cross-section.
The points where these degenerate ’x-polarised’ isotropic leaky 
modes (ie. leaky through the major field component, hence
ßx < k n ^  ) exist have been marked along the abscissas of Figs. 
4-6 together with the percentage of the modal power of these leaky 
modes in the jacket. We shall call them ’corresponding' isotropic 
leaky modes, because they have ‘the same, ie. sin 20 , symmetry as
the 'x-component' of the anisotropic leaky mode and are therefore 
able to 'couple' to the anisotropic leaky mode. These are 1=2 or 
HE^ m and EH^m modes [1].
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6.3 .4 Comparison of Isotropic and Anisotropic *Leaky Modes*
Let us remind ourselves that the term 'isotropic leaky mode' is 
here meant to refer to a mode which is leaky through its major field 
component. Whereas the term 'anisotropic leaky mode' is meant to
refer to a mode of an anisotropic fibre with a bound major field 
component but a leaky minor field component.
Now in this Section we will compare the numerical results for 
isotropic leaky modes and the anisotropic leaky modes. We want to 
see if there is any reasonable justification for our hypothesis 
about the connection between loss and modal power in the jacket and 
that there is a physical mechanism for anisotropic leaky modes
analogous to that for isotropic leaky modes (see Section 6.3.1).
Now from Figs. 4-6 we observe that for anisotropic y-polarised
leaky modes beyond cutoff there is typically about 1% of the total
x-polarised power in the jacket. And the total x-polarised power is
2generally of order A compared to the total mode power. From the
values marked along the abscissas in Figs. 4-6 we see that the
corresponding isotropic leaky modes also have about 1% of their
total modal power in the jacket. Hence the fraction of the leaky
component's power in the cladding is about the same under both
leakage conditions. However for anisotropic leaky modes the total
2power in the leaky component is of order A lower than for
isotropic leaky modes. Now if our hypothesis that the power in the
jacket is essentially absorbed is correct then we would expect the
2loss of anisotropic leaky modes to be about order A lower than
the loss of isotropic leaky modes.
The loss for anisotropic leaky modes is given in eq.(3.21), we
5/2see that it scales as A /p for a given V and anisotropy 6/A . 
The loss for isotropic leaky modes with sin 20 symmetry (ie. of 
the same symmetry as the x-component of the anisotropic leaky mode) 
is given by (eq.24-3 6 in [1])
y  =  ui -L1/-2 jei- ____ i______ (2)
71 P V3 H p }(Q) H3(1)(Q)
rwhere we have taken U - U and Q - Q , the superscript 'r' 
denoting the real part. The parameters U,Q,V are defined by eq.s
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(D—3 ) and (D—11) in Appendix D and denotes the usual Bessel
function. Thus indeed the loss of the anisotropic leaky mode is
2only a fraction A of the loss of an isotropic leaky mode, ie. by 
comparison very small. However since the isotropic leaky modes are 
extremely leaky this is still a quite large loss.
For comparison we calculate the loss of the anisotropic leaky 
mode from eq.(3.21) for nz=nx » V=2.4 , A=0.01 , p=5ym . It works 
out to be 900 dB/km for 6/A=0.8 , 2500 dB/km for 6/A=1.0 and
4400 dB/km for 6 / A= 1.3 . The loss for the corresponding
isotropic leaky modes (ie. with sin 29 symmetry) may be obtained 
from Fig. 24-4 in [1], For 1=2 , V=2.4 , A=0.01 we obtain
9YP =2.2 . With p=5ym this gives a loss of 2x10 dB/km . Thus 
the loss for the leaky minor x-component of an anisotropic leaky 
mode predicted by our theory based on the infinite cladding 
assumption (see Chapter 3) is even a little lower than the loss of 
an isotropic leaky mode carrying the same power as the leaky 
component of the anisotropic leaky mode.
6.3.5 Modelling the Loss by Absorption in the Jacket
In this Section we shall model the loss of an anisotropic leaky 
mode on a three region fibre by absorption in the jacket. We 
neglect here the effect of bending and microbending on the leaky 
mode loss. In any real fibre however these effects will enhance the 
loss of our model, as they cause further modal power to be injected 
into the fibre jacket, where it will be absorbed or radiated. The 
total loss by absorption of the mode over a length L of fibre can be 
expressed as
Y = 4.34 L fq a + q  a . + q . a . )v CO CO cl cl J J dB . (3)
Here ni denotes the fraction of modal power and a.l
absorption coefficient for fibre region i ; the subscripts 
co,cl,j denote the core, cladding and jacket regions of the fibre 
respectively. For state of the art single-mode fibres the 
absorption coefficients for the core and cladding regions are very 
low indeed at the wavelengths of light used, so that the sura of the
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first two loss terms contribute only of the order of ldB/km to the 
fibre loss. The material used for the jacket is not of such high
purity and
a and co
 ^. J can be expected to be significantly higher than
cl
We will investigate how the loss of the three region fibre 
changes as we pass through the cutoff condition for radiation 
leakage on the two region fibre. We will use a fibre with V=2.4, 
A=0.01 , t=10 ; the variation of the modal power for such fibres 
is shown in Figs. 4 and 5. Then for 0 < 6/A < 0.3 in the bound 
mode region , we find that the power in the jacket is dominantly y-
polarised and 
Y - 4.3 4 L (ri
n j — 10-15
a + p . a t + 10 co co cl cl
for the anisotropic mode, giving 
-15 (4)
Let us compare this with the loss in the 'leaky mode' region, say 
for 6/A = 0.7 . There the power in the jacket is dominantly x- 
polarised and we have tu - 10 ^ for the anisotropic mode, giving
Y-4.3 4 L f p  a + p . a 1 v CO co cl cl + 10 7 a.) (5)
We see that the loss contribution of the jacket has indeed 
dramatically increased, by several orders of magnitude. However it 
may still be a small contribution compared to the loss contribution 
of core and cladding, which would be typically of the order of 
ldB/km . Whether the increase in the loss of the jacket is indeed 
noticable depends on the value of cu , and for parameters of real 
fibres it may not be an observable effect. One way of purposely 
inducing a high jacket loss experimentally may be to strip the fibre 
jacket and paint the outside of the fibre cladding with black paint.
For comparison we will model the loss of an isotropic leaky 
mode in the same manner. The fraction of power of the leaky mode in 
the jacket is displayed along the abscissas of Figs. 4-6. For the
givingsame fibre parameters r \ - 10
Y = 4.3 4 L fp a + p _ a . ^ co co cl cl
-3
—3 "\+ 10 a.)J ;
dB (6)
We notice that the contribution of the jacket to the loss of an
2anisotropic leaky mode is about A lower than that of the 
isotropic leaky mode, as expected. Assuming the validity of our
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model we may predict that the loss of an anisotropic leaky mode will 
only be observable if a corresponding (ie. of sin 28 symmetry) 
isotropic leaky mode on a similar fibre has a measurable loss of 
greater than 10^dB/km.
To conclude this Section we want to point out how parameter 
changes in the three region fibre will affect the results. 
Comparing Figs. 4 and 5 we note that changing the depth of the 
refractive index step for the jacket region does not have a great 
effect (provided the jacket index is lower than the cladding index 
for x-polarised light). Widening the cladding region of the fibre, 
ie. increasing t will dramatically reduce the y-polarised power 
in the jacket (since bound mode fields decay exponentially), but in 
the leaky mode region it will only very slightly affect the x- 
polarised power (since the leaky x-component decays as 1//R in 
the cladding region). Comparing Figs. 5 and 6 we notice that 
changing V does not give rise to a dramatic change, except of 
course that the bound mode will be less tightly bound for lower V 
values, as expected. Thus the results represented in Figs. 4-6 are 
in fact typical of three region fibres in general.
6.4 Conclusion
We recall that on a fibre with finite cladding both the
anisotropic and the isotropic leaky mode would be regarded as
electromagnetically bound. We also know that nonetheless the
isotropic leaky mode is 'leaky' in practice and the most likely
leakage mechanism seems to be related to the power in the jacket.
We note that both modes carry similar fractions of the modal power
of the leaky component in the jacket and that for the anisotropic
fibre the fraction of modal power in the jacket rises markedly as
one passes through cutoff. Also the losses predicted for
2anisotropic fibres are indeed of order A lower than for isotropic 
leaky modes, as would be expected as anisotropic leaky modes are 
leaky only through the minor field component. Thus at least
theoretically our loss predictions appear to be consistent. Whether 
the loss of the anisotropic leaky mode is experimentally observable 
on a real fibre will depend on the loss coefficient of the jacket.
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One way of artificially inducing a high loss coefficient may be to 
paint the outside of the cladding region with black paint. It must 
be noted that our simple model ignored the effects of bending and 
microbending on the leaky mode loss. These effects will occur on 
any real fibre and will enhance the loss of our simple model.
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1 03
The woman of folly is boisterous,
She is naive, and knows nothing.
And she sits at the doorway of her house,
On a seat by the high places of the city,
Calling to those who pass by,
Who are making their paths straight:
"Whoever is naive, let him turn in here,"
And to him who lacks understanding she says,
"Stolen water is sweet;
And bread eaten in secret is pleasant."
But he does not know that the dead are there,
That her guests are in the depths of Sheol.
Book of Proverbs, Chapter 9, Verses
"For God so loved the world, that He gave His only 
begotten Son, that whoever believes in Him should not 
perish, but have eternal life.
"For God did not send the Son into the world to fudge the 
world, but that the world should be saved through Him.
"He who believes in Him is not fudged; he who does not 
believe has been fudged already, because he has not 
believed in the name of the only begotten Son of God.
Gospel of John, Chapter 3, Verses 16-18.
7. A PERTURBATION STUDY OF LOSSES ON ISOTROPIC COUPLERS 
7.1 Introduction
This Chapter is concerned with isotropic couplers, ie. parallel 
isotropic fibres. In Chapter 4 we have seen that there is some 
analogy between such pairs of fibres and anisotropic fibres (see 
Section 4.3). However the material presented in this Chapter is 
independent of the remainder of the thesis. This work was motivated 
by other work undertaken in the Applied Mathematics Department at 
ANU by Dr. J.D.Love and Dr. A.Ankiewicz.
Love and Ankiewicz [1,2] have shown that couplers composed of 
two parallel, identical fibres fail when the waveguide parameter V 
is sufficiently small. In particular, they find that the lowest 
order antisymmetric mode of the composite, two fibre structure is 
"cut off" for a finite V value, while the symmetric mode propagates 
for all values of V.
It is well known that modes that are below their cutoff 
frequency continue to propagate but are leaky. Therefore, it is the 
rate of leakage and the fibre length that determine the V value for
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which the mode is sufficiently attenuated that it can be ignored. 
For example, some leaky modes of multimoded fibres can propagate 
with significant power for more than a kilometer even though they 
are well below their "cutoff" frequency [3 ] . Since couplers are 
comparatively short, say only centimeters in length, it is possible 
that the effective V for significant modal attenuation is 
considerably smaller than the "cutoff" frequency determined by Love 
and Ankiewicz [1,2], Accordingly, it is of interest to calculate 
the modal leakage from optical couplers in order to determine how 
far below its cutoff a mode can be operated.
In this Chapter we have 2 main objectives: (i) to show how the
familiar "perturbation" modes [3] of the two fibre coupler give an 
excellent approximation to the cutoff V obtained from the exact 
analysis of Love and Ankiewicz [1,2]; (ii) to develop a formalism 
for determining radiation losses from waveguides such as the two 
parallel fibre coupler.
Our work is based on a simplified model which assumes the 
coupler to be surrounded by an infinite cladding. Any real coupler 
will have a finite cladding and this may have important effects on 
the operation of the coupler. Thus our results will need to be 
modified for a practical coupler. However the model is useful in 
providing conceptual insight and is a nice example of leaky mode and 
radiation loss theory.
The material presented in this Chapter is the result of 
research undertaken in collaboration with Prof. A.W.Snyder.
7.2 Perturbation Modes of the Fibre Coupler
The modes of the composite two fibre system shown in Fig.l can 
be derived directly from the scalar wave equation by elementary 
perturbation methods, provided the fibres are weakly guiding and 
sufficiently well separated. This procedure is described in detail 
by Snyder and Love on page 3 87 of [3], and we simply use their 
results here. Thus, the electric field IF of the 2 lowest order
—X
(+ and -) modes has the approximate form
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Fig» 1 The two fibre system consisting of two circularly 
symmetric, step profile fibres of radius p , a distance d 
apart. n CQ and n c  ^ are the refractive indices in the core 
and cladding, respectively. The fibre is weakly guiding; 
thus ncQ - n ^ . The coordinate system (R ,4>) chosen is 
such that the axes <f>=0 and 4>=tt/2 coincide with the two axes 
of mirror symmetry of the two fibre system. Our simplified 
model assumes an infinite cladding.
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= Y± (x,y) e
i(ß z-ut)
(1)e
where the unit vector _e is either x or y directed and we have 
chosen the z-axis to coincide with the fibre axis. Perturbation 
analysis leads to the following approximation for the field,
where ¥ and ^  are the familiar weakly guiding fields of the 
fundamental mode on one fibre in isolation from the other; they are 
given in Appendix F.l.
7.2.1 Propagation Constant
The propagation constants for the two modes of the
structure have the forms [3]
where ß is the propagation constant of the fundamental mode of a 
fibre in isolation (see Appendix F.l). For a circularly symmetric 
step profile fibre, C has the form
All parameters used here are standard in the literature [3] and are 
defined in Appendix F. The bar notation is used to emphasize a 
parameter of an isolated fibre rather than one of the composite 
system. We are particularly interested in couplers in which the 
individual fibres are operated at comparatively low V values; in 
this case U - V and K^(W) - 1/W , so that C becomes
ß± = ß ± C (3)
(4)
a (2A)1/2 W2 K Q(Wd/p) (5)
and [3 ,4]
W = 1.123 exp{-2/V2} (6)
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We are reminded from Fig.l that p is the fibre radius and d the 
center-to-center fibre separation.
7.2.2 Beat Length
We also need to know the distance along the composite two fibre 
coupler in which there is total power transfer from one fibre to the 
other. This is given by half the beat length z^, where
2tt 7T
Zb ß+ - ß_ c
7 .3 Condition for Modal Cutoff
A mode of the composite fibre is "cutoff" when 8 = k n ^  . 
Substituting this into eq.(3), using eqs.(5) and (F-2), we find that 
the + mode propagates for all values of V while the mode is at 
cutoff when V=Vco, where
Vco {
_______§______ ___
0.967 + 4 ln(d/p) ; (8)
To derive this expression, we have used eq.(6), since the mode is 
anticipated to be cut off only for comparatively low V values and we 
have used the fact that Kq(x) = V2 for x=0.88178 . The expression 
for Vco given in eq.(8) is plotted in Fig.2. We have used the 
notation for d given in Ref.3 and shown in Fig.l; note that this d 
is twice that used by Love and Ankiewicz [1]. Our perturbation 
expression eq.(8) improves as the separation increases, eg. it is 2% 
and 1% in error for d/p = 3 and 4 , respectively.
7.4 Scalar Theory for Determining Radiation Losses
When the coupler is operated at values of V below VCQ given by 
eq.(8), then the mode leaks because of radiation losses. Our 
purpose now is to show how to calculate the rate of leakage. We
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Fig.2 The cutoff frequency of the two fibre system versus
fibre separation as calculated from eq.(8). The accuracy is 
2% and 1% for d/p = 3  and 4, respectively, and improves 
with increasing fibre separation.
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will consider our composite fibre system to constitute a single, 
more complex waveguide.
7.4.1 Reducing Radiation to a Scalar Phenomena
In general, radiation losses cannot be determined from the
scalar wave equation even on weakly guiding fibres [5]. The reason
is that radiation is a polarisation phenomenon, eg. dipole
radiation, and so must be calculated from Maxwell’s equations. Such
problems can be handled using antenna methods, as discussed
elsewhere [3]. However, losses from a mode just below cutoff are
due to forward directed radiation which can be approximated using
solutions to the scalar wave equation. While this can be shown from
Maxwell’s equations [5], it is obvious intuitively, since bound
modes on weakly guiding fibres obey the scalar wave equation[3] (ie.
iBztheir electric fields can be expressed as _E - ¥ e _e where 
_e is a unit vector in the x-y plane and ¥ satisfies the scalar 
wave equation), and a weakly leaky mode is a bound mode just below 
cutoff. Accordingly, we can determine the radiation losses from the 
mode of the coupler by solving
{ Vt2 + k2n(x,y)2 " ß_2 } = 0 (9)
where n(x,y) is the refractive index variation of the composite two 
fibre system shown in Fig.l.
The leakage rate of the antisymmetric mode is given by the 
imaginary part of 3_ . In Appendix G we show how to derive an
expression for the imaginary part of 3 directly from eq.(9). This 
same expression can be found by power conservation arguments as we 
show below.
7.4.2 Power Conservation Determines the Leakage Rate
If eq.(9) is solved for the field 4/_ at large distances from 
the fibre, we can then use power conservation arguments to determine 
the leakage rate [3,6]. This follows for any fibre from the 
geometrical construction of Fig.3 (see page 496 of [3]). Far enough 
from the fibre, outside what is called the radiation caustic, the
no
radiation caustic
waveguide
core
radiation caustic
field radiating 
in a single 
direction
evanescent field
" I  tan©2 dz
Fig.3 Geometrical construction to explain the use of power
conservation for determining the leakage rate of a leaky 
mode. Far away from the waveguide the modal field is
radiating and, since the leaky mode has a definite Q value, 
it radiates at a constant angle to the waveguide axis. The 
power dPr lost from a segment of length dz is thus
contained within an annular region of width tan 0^ dz 
The radiation is assumed to be approximately forward 
directed, ie. Q+0 , so that tan 0 - 0 .
f i e l d s  of  t h e  l e a k y  mode a r e  w a v e l i k e  o r  o s c i l l a t o r y .  The f i e l d  
t h e r e  behaves  l i k e  R ^  e x p { i (Q R + ßz-w t )} . Here R=r /p  where
p i s  t h e  c o re  r a d i u s  and Q i s  d e f i n e d  i n  e q . ( F - 6 ) .  The f i e l d  i s  
t h u s  r a d i a t i n g  i n  a s i n g l e  d i r e c t i o n ,  a t  a n g le  0^ t o  t h e  f i b r e  
a x i s .  S in c e  we a r e  c o n s i d e r i n g  fo rw ard  d i r e c t e d  r a d i a t i o n ,  i e .
Q+0 , we have  t a n  0 = ——-  - 0 . Between t h e  c o re  and t h e
r a d i a t i o n  c a u s t i c  t h e  f i e l d  i s  e v a n e s c e n t .  I n  t h e  c a s e  o f
r e f r a c t i n g  l e a k y  modes t h e  r a d i a t i o n  c a u s t i c  c o i n c i d e s  w i t h  t h e  co re  
b o u nda ry .
The power a t t e n u a t i o n  c o e f f i c i e n t  y = 2 Im(ß)  s a t i s f i e s  
dP ( z )  = y P ( z )  dz (10 )
* o
where dPr  i s  t h e  power l o s t  f rom a d i f f e r e n t i a l  l e n g t h  dz of  the
f i b r e  of  a r b i t r a r y  g e om e t ry ,  eg .  t h e  co m p o s i t e  two f i b r e  sy s te m ,  and 
P i s  t h e  g u id e d  power of the  mode and i s  g iv e n  i n  Appendix F . 2 .  To
o
d e te r m i n e  dPr  we n o t e  f rom F ig .3  t h a t  t h e  power r a d i a t e d  from t h e
f i b r e  i n  a s e c t i o n  of  l e n g t h  dz i s  c o n t a i n e d  w i t h i n  an a n n u l a r
c r o s s - s e c t i o n  o f  w i d t h  t a n 0  dz . To c a l c u l a t e  t h e  r a d i a t e dz
power we n o t e  t h a t  f o r  a weak ly  g u i d i n g  f i b r e  _e -  T £  and 
h ~ JL x — • The Power dP c r o s s i n g  an a r e a  dA w i t h  u n i t  normal  
v e c t o r  n. i s  g i v e n  by dP = Re{ e*h *n } dA . Here e_ and _h a r e  
t h e  e l e c t r i c  and m a g n e t i c  f i e l d s  r e s p e c t i v e l y ,  Re d e n o te s  the  r e a l
•Ij
p a r t  and d e n o t e s  t h e  complex c o n j u g a t e .  Hence we o b t a i n
dP = [ I n ^ ( r ) | 2 ] t a n 0  —  (11)r  L J 0 I -  I p T z p
so t h a t
Q [ /o” h - ( 0 |2 f  ]r+co
i  2k n p Pco g
( 12 )
where P^ = 2 P i s  t h e  summed power c a r r i e d  by t h e  c o m p o s i t e  
wavegu ide  and i s  g i v e n  i n  Appendix  F . 2 .  y e q u a l s  t w i c e  t h e  
i m a g in a ry  p a r t  of  ß and we used  t h e  f a c t  t h a t  f o r  a weakly  g u i d i n g
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fibre ß - k n . This same result can be derived directly from co
eq.(9) as shown in Appendix G. It remains only to find the field 
T far from the fibre.
7.5 Finding the Far Field
Our final task is to solve eq.(9) for the field of the 
mode far from the fibre boundaries. It is clear that the field of 
eq.(2) is only a good approximation to eq.(9) in the vicinity of the 
fibre coupler, because it does not show the proper radiation 
behaviour as r-*-00 ; in fact it shows the behaviour of a bound mode.
However, when we have a good approximation for the near field, 
we can use it to obtain a good approximation for the far field by 
converting eq.(9) into a Green's function type of problem and then 
using perturbation methods. This method was first used to get the 
far field correction for the Gaussian approximation of modes [7] and 
is also discussed in [3] on page 664.
We first rewrite eq.(9) as
p2 { Vt2 + k2n2x - ß_2 } = p2k2 (n2x - n(x,y)2) . (13)
Then we approximate ß_ on the LHS and on the RHS of eq. (13 )
by the perturbation-mode solutions given by eqs.(2) and (3), 
respectively. We can do this because the RHS is zero except over 
the core of each fibre, and eq.(2) is a good approximation in the 
cores.
The solution to eq.(13) is
T_ = - k2p2 /27T J“ G(R,£,<f>,e) 0 ^  ~ nU,9)2) Y_U,e) £d£d0 (14)
where
oo
G(R,€,<M) = 1 7 Go(R’?)+ I t 7 Gm(R’?) cos(m^ -0)) 1 (15a)m=l
and
(15b)
1 13
G (R >ora
I (WR) K (W£) m m
I ( W O  K (WR) m m
R<£
C<R
2 2 2 V?Here Im , are Bessel functions. Note that W = p {B_ - k n z
here is a parameter of the composite two fibre system; it depends on 
B_ (for the mode) and not on B . Unlike W , which refers
to an isolated fibre, this W is zero at the cutoff frequency and 
imaginary just below cutoff. We therefore define the parameter Q=iW 
(see eq.(F-6)). Thus below cutoff the appropriate Green’s function 
is
Gm(R ,5)
i y  J (QR) H (1)(QS) Z m m
i y  J(Q?) ^ ( Q R )Z m m
R<£
?<R
(15c)
Here Jm , H^ are Bessel functions. We will evaluate eq.(14) in 
the far field for a pair of circularly symmetric step profile fibres 
(see Fig.l) below cutoff. The appropriate Green’s function is thus 
given by eqs.(15a) and (15c). We note that the integrand of eq.(14) 
is only nonzero over the cores of the two fibres. We therefore 
calculate both these contributions separately. It is convenient in 
each case to change to coordinate systems centered on the fibre 
axes. To do this we make use of addition formulae for Bessel 
functions which may be found in standard mathematical tables (see 
eg. eq.(9.1.79) of [8] or eq.(37-81) of [3]). We thus obtain
¥ = i a y [ H^1 ^ (QR) J (Qd/2p) cos(n<j>) 1- u , ,L n n Jn odd
where
0 Ü J.(Ü) Jn(Q) - Q J.(Q) Jn(U)0 t7Z r 1 U I U la = 2ttV { ---------- ------ — -----r----------  }
J0(U) ( u - Q )
After using the eigenvalue equation , eq.(F-3), this gives 
V2 W K^W)
Ü2 K0(W)
(1 6a)
(16b)
a ; as Q+0. (1 6c)
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The case Q+0 applies to forward directed radiation, which we are 
considering in this paper.
Substituting the expression for the far field given in eq.(16) 
into eq.(12) gives
Y
/2A I a )2 U2 
2ttP ^
k q (w )2
K^W )2
I I J (Qd/2p) 
n odd
(17a)
The scalar theory applies only to forward directed radiation for 
which Q->0 . Also cutoff occurs only for low V values (see Fig.2) 
when U - V, K^(W) - 1/W and eq.(6) applies. We obtain then
(17b)
Q is given by eq.(F-8) as
Q2 - W2 (2 KQ (Wd/p) - l)
where W is given by eq.(6).
(18)
7.6 “Dipole" Representation of Radiation Loss
While it is not necessary for our discussion, we note an 
interesting fact. If we replace each of the two fibres with a 
particular line current along its axis and oppositely directed, the 
same radiation loss results. To see this, we identify the RHS of 
eq.(13) as a current density
J(x,y) = p2k2 ( ncl2 - n(x,y)2 ) T_(x,y) . (19a)
For a circularly symmetric step profile fibre this simplifies to
J(R,4>) =
-V2 Y_(R,<J>) 
0
fiber core 
cladding
(19b)
The far field T , obtained in eq.(16), is identical to that
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produced by two oppositely directed line currents at a distance d 
apart, each of strength / J(x,y) dA = a . For Q+0 the constant 
a, given by eq.(16c), is just the current I = / J(R) dA of the 
fundamental mode of a circularly symmetric step profile fibre. 
Thus, in the limit Q+0 , where the radiation is principally in the 
forward direction, radiation from two circularly symmetric step 
profile fibres is exactly like that from a dipole made up of two 
line currents of the same strength as the fibre fields.
7.7 The Leakage Rate of Couplers
Using eq.(17), we can now calculate the loss in dB per coupling 
length of the coupler, ie. over half a beat length as given by 
eq.(7). This is the critical length for the problem. For V<Vcq the 
fraction of power lost in this length is 1 - exp{ - y z^/2 1 ♦ 
where
r bjy HH H/p)= , - « « * >  ( ; V a / »  - ■ ,KQ(Wd/p) Q+0
(20)
-(2/v ) Y (z^/2) iswith W - 1.123 e ’ ' . It is interesting that 
independent of A and that it depends on d only through terms in 
d/p . The results are shown in Fig.4.
7.8 Conclusion
We conclude that within our simplified model V cQ can be 
considered a true cutoff over a coupling length since the losses are 
significant even for one percent below the cutoff V. However as was 
previously pointed out the finite cladding of practical couplers 
will require our results to be modified. In fact, it has been found 
that practical fused-taper couplers are working ’below cutoff’[9-11] 
and so must necessarily be described in terms of finite cladding 
modes, ie. our simplified model can not describe their behaviour.
1 1 6
£  0.5
0 0.2 0.4 0.6 0.8 1.0
{100 —-?v ^ ) % below cutoff V
' vco '
Fig.4 The dB loss per coupling length versus % below cutoff
frequency for the second mode on a composite waveguide 
consisting of two parallel cores in an infinite cladding. 
The curve is calculated from eq.(20).
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The words of wise men are like goads, and masters of 
these collections are like well-driven nails; 
they are given by one Shepherd.
But beyond this, my son, be warned: the writing of 
many books is endless, and excessive devotion to 
books is wearying to the body.
The conclusion, when all has been heard, is : fear 
God and keep His commandments, because this applies 
to every person.
For God will bring every act to judgment, everything 
which is hidden, whether it is good or evil.
Book of Ecclesiastes, Chapter 12, Verses 11-14.
8. SOME STUDIES ON EQUIVALENT-STEP-INDEX FIBRES 
8.1 Introduction
In this Chapter we present some work on equivalent-step-index 
fibres. This work was done as part of this PhD and falls into the 
general area of optical fibres and present day applications. It is 
however unrelated to the main body of this thesis.
The equivalent-step-index method (see eg. [1] and references 
therein) is a useful method for characterising the properties of 
single-mode fibres without requiring detailed information about the 
fibre profile. It is sufficient to determine just two parameters 
(eg. an equivalent-step-fibre core radius and cutoff wavelength) of 
the fibre to give an adequate characterisation of many of its 
transmission properties.
This Chapter consists of photocopies of two short papers 
published in Electronics Letters. The first paper [2] deals with 
the effect of fibre loss on the determination of the parameters for 
equivalent-step-index fibres by conventional methods. The second 
paper [3] presents a new method for determining the equivalent-step- 
index fibre parameters for a given fibre. The method is based on 
the variation of the far field intensity halfangle with wavelength.
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3 2 EFFECTS OF LOSS ON EQUIVALENT- 
STEP-INDEX FIBRE DETERMINATION
Indexing terms: Optical fibres. Refractive-index profile
The effects of waveguide losses on equivalent-step-index 
(ESI) determination are investigated with Millar’s method as 
an example. The fitting of spot-size data when the second- 
mode cutoff wavelength is underestimated leads to the use of 
an inappropriate formula or the deduction of a too-small 
ESI radius. In the latter case the ESI numerical aperture will 
still be given with good accuracy.
One advantage of the equivalent-step-index (ESI) approach to 
single-mode fibres is that it can be carried out without resort 
to the exact profile. The methods used rely on fitting the 
modal properties of an arbitrary fibre by formulas derived for 
step-index fibres; the ESI parameters are obtained by adjust­
ing the step radius and numerical aperture A s to give the 
best fit. We analyse the influence of waveguide loss and data 
fitting procedures on the particularly simple scheme which
determines the second-mode cutoff wavelength Xco and fits the 
fundamental-mode spot size aj as a function of wavelength X:
XC0= 2 6 \ 3 p , A s (1)
co = pJ(X!XJ  ( 2 )
As our example, we take the method of Mil lar1 since it is 
likely to become a s tandard method in many laboratories. 
Mil lar1 obtains tu by measuring the convolution of the modal 
field with itself as a variable splice. The value of Xco is esti­
mated from the change in cu against X curves for X <, Xco.
lao 6/il
Fig. 1 Spot size around Xco as given by the hvo-point Millar procedure
Solid curve: fundamental mode only; broken curves: effect of 
second-mode presence in acceptor fibre with cladding loss par­
ameter y (see text)
Effects of loss: The behaviour of the second waveguide mode 
can be very sensitive to loss processes when A ^  Afa since its 
field extends significantly beyond the core. In Figs. 1 and 2 we 
show the effects of cladding absorption and microbending 
losses on the to against A curves for a step*index fibre. We 
assume that only the fundamental mode is incident on the 
splice (symmetric excitation or bends in the donor fibre will 
give this) and in the acceptor fibre the second mode has 
attenuation exp (-a ) .  Cladding absorption (Fig. 1) is model­
led by a = y(l — r/2), where r/2 is the usual fraction of second 
mode power propagating within the core and y controls the 
magnitude of the loss. For a I m fibre the equivalent loss 
would be 4343y(l -  r/2) dB/'km, when X/Xco = 0-89, V =* 2-7 
and >/2 = 0-52, and the loss is 2258y dB/km.
Microbending losses (Fig. 2) are modelled using the results 
in Reference 2. For a 1 m acceptor fibre, we take logl0 
(4343a) = C — BV, where V is the waveguide parameter and 
C/B is around 3. The curves in Fig. 2 are for various C, B 
values and the loss at V = 2-6 is also given for familiarisation.
Figs. 1 and 2 indicate that absorption processes will not 
greatly affect the determination of Xco (this also goes for core
Fig. 2 /Is in Fig. 1 but with microbending loss as defined in the text
The parameters (C, D, loss at V = 2 6, dB(Tcm) arc: (a) 42, 15, 1000;
(,b) 33 6, 12. 250; (c) 28, 10, 100; (d) 14, 5, 10
absorption, which is small anyway), but microbending will 
lead to low estimates for Xlo on the Millar1 scheme. Obviously 
the greater the microbending loss and the longer the acceptor 
fibre, the lower will be the estimate for X
Data fitting: The values of to/ps against Xff/.co are shown in Fig. 
3 for the Millar procedure1 and as given by the formulas of 
Marcuse3 and Snyder.4 The Marcuse spot size is virtually 
measured by the Millar method. Snyder's definition does not 
correspond to Millar’s and his formula breaks down as V —* 1 
or /./Af0 —*■ 2-4.
121
Fig. 3 Fundamental-mode spot size id in a step-index fibre
Curves labelled according to definitions of Millar,1 Marcuse3 and
Snyder4
To investigate the effects of underestimating ).c0 we take a 
particular example with At = 0 093, ps = 4 85 pm and Xco = 
1T78 pm. In Fig. 4a the correct spot size according to Millar1 
is shown, but the Marcuse and Snyder formulas are used with 
incorrect Xco values inserted—an underestimate of 8% has 
been taken. The Snyder formula is now a better fit to the 
Millar data. These results explain some trials (e.g. Reference 5) 
in which it is stated that it is better to use the Snyder formula. 
The reason is now clear: two wrongs are cancelling to make a 
right, i.e. the wrong formula (Snyder’s) with an incorrect par­
ameter (xcJ  gives a good fit to the data (Millar’s).
Marcuse, 
Millar .
Millar
Fig. 4 Solid curve gives the Millar1 definition of spot size for the funda­
mental mode in a step-index fibre with p, = 4 85 pm, As = 0 093 and 
= 1-178 pm
In (a) broken curves show the Marcuse3 and Snyder4 formula fits 
when the value of /.f# is underestimated by 8% in them 
In (b) the Marcuse formula gives the broken curves when is 
taken as 8% too small and p, is also loo small as shown.
The Marcuse formula3 can be made to fit the Millar spot- 
size data reasonably well if both Xco and ps are given incorrect 
values. Fig. 4b shows fits where ).(0 is underestimated by 8% 
and the value of ps also has an error 5ps of a few percent. We 
observe that the fit is reasonably good when Sp jp s ~ bXcoIXco. 
Now eqn. 1 gives
b ' -J K o  =  <W P, + bAJA^ ‘ (3)
Thus a good fit with the Marcuse formula assuming the wrong 
Xco will give an incorrect radius but a substantially correct 
numerical aperture.
Conclusion: We have presented a special numerical case 
above, but the conclusion seems to be general for all magni­
tudes of Xco errors both positive and negative. Loss problems 
will cause underestimation of Xco; this is not a great practical 
problem since it is actually the effective cutoff parameter 
which is important.2 Data fitting with the appropriate formula 
will give a convenient representation of w as a function of /., 
but if ps is examined for this fit, it too will be an underesti­
mate. It is likely that the deduction of At will be reasonably 
accurate, however.
Our calculations all refer to step-index fibres and the fit or 
representation of the Millar values for the spot size. In prac­
tice the calculated Millar curves used above will be replaced 
by experimental data and ps, As and Xcu will be the ESI par­
ameters.
We thank Telecom (Australia) for financial support and Dr. 
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NEW METHOD FOR EQUIVALENT-STEP-  
INDEX FIBRE DETERMINATION
Indexing terms: Optical /ihres, Rc/ractu e-index profile
We propose a new method for determining equivaleni-step- 
index fibres: the fur-field intensity halfangle is measured for a 
range of wavelengths and the data fitted by the step-fibre 
formula. A simple analytical formula aids the analysis. 
Proven experimental techniques can be used and no Gauss­
ian or other theoretical approximations are involved.
The replacement of an arbitrary single-mode fibre by an 
equivalent-stcp-index (ESI) fibre can be carried out by fitting 
its waveguide properties to step-fibre formulas. It is obviously 
advantageous to make both the experimental method and the 
data analysis simple if a routine procedure is to be devised. 
We present a new method based on observation of the 
fundamental-mode far field 4'p4 which emanates from the 
fibre at angle 0 to the fibre axis.1
The examination of 4'(0) was developed by Gambling, 
Payne, Matsumura and Dyott (GPMD)1 as a routine method 
for characterising step-index fibres. Pask and Sammut2 sug­
gested the replacement of the test step fibre by an arbitrary 
fibre so that the method produced an ESI fibre. The GPMD 
method uses one wavelength so that this scheme gives an ESI 
radius ps and numerical aperture As which vary with the 
wavelength used, whereas an averaged fit over a range of 
wavelengths may be more suitable. The GPMD method uses 
the angle 0h at which the far-field intensity has dropped by 
half:
4 '2(0„)/T2(0) =  1/2 (t)
and 0X, the smallest angle giving TffJJ = 0. The measurement 
of 0X requires great care because low intensities and noise 
problems are involved. Furthermore, experimental results3 
indicate that 0X is an ill defined experimental quantity in some 
cases.
New method: We propose that 0h should be measured for a 
range of wavelengths /., and then ps and As obtained by fitting 
the data to the step-index-fibre formula. We define the usual 
waveguide parameter Vs and second-mode cutoff wavelength 
'To •
K ~  2npsAJ/. — 2-405(/.co//.) (2)
and then theory1 shows that kps sin 0h, where wavenumber 
k = 271//, depends only on Vs or k//.(a:
k sin 0h =  { \ / p t )H(/ . / / .C0) (3)
Fig. 1 plots the wavelength dependence of 0h\ in practice the
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Fig. 1 Far-field intensity halfangle Oh for fundamental mode o f a step- 
index fibre with radius pl atul cutoff wavelength /.i0
Wavenumber k — 2n'/.: broken curves are for cases when the 
second-type modes are also present nkith relative power i, as 
explained in the text
scales will not be normalised by and /..u as these are to be 
determined.
When /. < /.co we must consider the role of the second wave­
guide mode. Two main possibilities arise:
First, we may assume a totally incoherent source, so that the 
modes may be taken as propagating independently and uncor­
related and their intensities must be added. The fur-field inten­
sity 1(0) will be the sum of the contributions from the first- 
and second-mode types:
1(0) = 1{(0) + *1,(0) (4)
where x is the power carried by the second modes as a fraction 
of the power in the first mode, i.e. I x(0) and 12(0) are the 
far-held intensities for unit power in the first and second 
modes, respectively. Thi^ leads to the curves shown in Fig. 1 
for various x values. We note that there is an abrupt change in 
these curves at /. — „ and hence the possibility of measuring
/.kU. This is similar to the use of transitions in the near-held 
spot-size curves of Millar,4 and the loss problems in that 
approach5 will occur again here, to make the transition point 
an unreliable measureof /.cn to be used with caution.
Secondly, we may use a coherent source symmetrically placed 
relative to the fibre entrance, e.g. a plane wave normally inci­
dent or a laser Gaussian beam imaged centrally onto the fibre. 
This method of excitation was used by GPMD.1 For this 
situation, no power is launched into the second mode, and a 
large range of wavelengths, including /. < /.cu. can be used to 
generate 0h(/.) data for the fundamental mode.
Fitting the data: The data analysis is easier if a simple analyti­
cal formula for the step results is available. By analysing the 
exact results we find that H in eqn. 3 can be approximated 
with good accuracy by
H(x) = 2-3216 -  1-7426a; + 0 3563.x2, 0 75 < x < 1.5 (5)
or
//(.x) =  2-3035 -  1-7108.x + 0 343.x2, 0 75 < x < 2 (6)
The accuracy of eqn. 5 is better than 0-2% over its whole 
range. The accuracy of eqn. 6 is better than 0 5% except for 
the largest values, i.e. (X//.co) > T93, where the error increases 
to around 1%.
The combination of eqns. 3 and 5 or 6 means that it is easy 
to fit 0h(/.) using a step-fibre formula by adjusting pi and 2co, 
i.e. A ,p s.
If this method is used independently of an estimate of Xco, 
then the data fit reveals values for p, and A, (or, equivalently, 
Xco) which belong to a set of parameters all roughly giving the 
same accuracy over a limited wavelength range. (This is 
similar to the question of parameters in the Marcuse near-field 
spot-size formula as discussed in Reference 5.) An example is 
given in Fig. 2 for dpi and variations around the correct 
values. The accuracy with which the experimental data is 
obtained will finally decide how much of a problem arises 
here. The results in Fig. 2 indicate that reasonable fits will
a  0 2-
exact
Fig. 2 Far-ßeld intensity half-width 0h fur a step-index ßbre with A, =
0 093, pt = 4 H5 pm and /v# = 1-178 pm
k = 2 the ‘exact’ result (solid curve) is given by eqn. 5; broken 
curves show results when eqn. 5 is used with p, and ).<0 errors: 
d/.i9 = — 8% and (n) 6pt — — 12%; (b) 6pt — — 8"..; (c) dpl = 0
have ö p jp , ~ 67.cJ/ .C(t so that the numerical aperture is always 
given quite accurately, i.e. dAt r= 0, since, by eqn. 2,
(Spjp,\ + («5 A J A t) = (6).cJXco) (7)
An advantage of this proposed method is that a large wave­
length range, including /. < /.co, can be used to make the 
fitting more discriminating.
Equivalent arrangement: If the fibre is excited by a uniform 
plane wave at angle U to the fibre axis, and the power P{0) 
launched into the fundamental mode is measured, we can 
show that
E(0) I>(0) -  ( 8)
so that 0h can be obtained by launched power measurements. 
We note that eqn. 8 holds only for /. > ).i0% so that restricted 
0h data is obtained.
Conclusion: The proposed method requires minimal fibre 
preparation and uses experimental techniques proven in fibre 
optics' or in laser output studies, e.g. Reference 6. The data 
fitting to obtain ESI parameters is extremely simple. Finally, it 
should be emphasised that no theoretical approximations are 
required and, in particular, it has not been necessary to use a 
Gaussian approximation in order to interpret the experimen­
tal results or derive suitable formulas for data fitting.
The authors would like to thank Telecom (Australia) for 
financial support and Dr. Alan Gibbs and his group for dis­
cussions. F. Rühl is a Radio Research Board Postgraduate 
Scholar.
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APPENDIX A
A.1 Solutions of the Scalar Wave Equation
The wave equations for the components of the electric field of 
the anisotropic fibre are given in eq.(3.3). For a weakly 
anisotropic and weakly guiding fibre, ie. 5 ~ A << 1 (see Table 
2,2 for definitions), the fields of the fundamental mode are nearly 
plane polarised and are approximated by solutions of the scalar wave 
equation [1,2] (see eq.(2.8))
{v2 + k2n2 - ?2) V
where
0 (A-l)
or n for the x- and y-polarised modex y
respectively, 8 is the propagation constant and all other symbols 
are defined in Table 2.2 .
For a circularly symmetric step-profile fibre the solution of 
eq.(A-l) for the fundamental mode is given by
Jq (UR) / JQ(U) 
KQ(WR) / Kq (W)
R < 1 
R > 1
(A-2)
Here Ü and
(pB)2 = (pkn .)2 + W2 = (pkn )2 - Ü2 cl CO
W are related to the propagation constant 8 by
(A-3 )
and they satisfy the eigenvalue equation 
Ü J^U) / JQ(U) = W K^W) / Kq (W) (A-4)
together with the condition
~2u +
where
w2 (A-5)
^2V = k p n (2A) 1 is the normalised frequency of the co
fibre, and J ,K are Bessel functions. The normalisation N of ’ v ’ v
the field is defined by
N = r ~2/a *oo
dA = 7T ( V / W )2 [ J}(Ü) / JQ(U) ]2 , (A-6)
where AOO is the infinite cross-section of the fibre,
dA = p 2 dxdy and p is the core radius.
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For the fundamental mode we have that [3]
W = 1.1428 V - 0.996 (A-7)
which is accurate to within 0.2% for 1.5 < V < 2.5
A.2 Parameters for the Fields of the Anisotropic Fibre
To express the fields of the anisotropic fibre with a 
circularly symmetric step-profile, we define the following 
parameters for the y-polarised mode :
u = P { (k )2 -v COJ '
1/2 (A-8a)
w = P ( 8 2 - (ky ^ < i ) 2 1
1/2 (A-8b)
uX = P { (k nX )2 -■ 8 2 } y J
1/2 (A-8c)
WX = P { 8y2 - (k x 2^ i ncl^ 11/2 (A-8d)
Q = P { (knXci)2 -■ ß 2 } y J
1/2 (A-8e)
so that
u2 + w2 .. v 2 (A-9a)y
and u 2 + w 2 2 2= U - Q = v 2 (A-9b)X X X X
ßV is the exact propagation constant of the y-polarised mode and
all other parameters are defined in Table 2.2 . The corresponding
parameters for the x-polarised mode are defined by interchanging 
x and y everywhere.
A.3 Minimum Birefringence for Leakage
The minimum birefringence necessary for leakage is obtained by
using the condition ß = knX in eq.(A-3) with ß=ß , n=n andy c l y x
x 2 x 2noting that (nX ) = (nX ) (l-2A J . This leads toc jc CO X
i - u /v y x
(l - v2/v2) + w2/v2 ^ y x' y x
(l - V2/V2) + (1.14 V - 112/V2 v y x' v y J x
(A-lOa) 
(A-10b)
(A-10c)
where we have used eq. (A-7) in the last step.
then A - A - h and we get eq. (3.1) in x yCO6 denotes the value of 6 of Table 2.2 in the yx yx
For Vx = 
the text, 
core.
= V, 
Here
A.4 Difference in Propagation Constants
We now derive the difference in propagation constants between 
the x-polarised and y-polarised modes. Since 3 ~ 3 , we have
2 2 x y
3"" _ 3 - 23 (3 ~3 ) . Together with (A-3) and using thex y x x y
definitions of V , A and 6 in Table 2.2 this leads tox x yx
P(3 -3 ) - y-p- x y 2p3 (p3 )2 - c p3 rx y (A-lla)
(2A )x
2V
Vl 6C0
v2 - £ i  +  U2x A y - U (A-llb)
V 6 x yx
(2A V2X
1 +
A (V -V ) x y x
yx
{2.28 - 0.3 (V +V )} x y 1 (A-llc)
where we have used (A-7) in the last approximation. This reduces to
COeq. (2.6) when = V .  Here 6 denotes the value of 6 ofx y yx yx
Table 2.2 in the core.
APPENDIX B
GREEN’S FUNCTION FOR THE CIRCULARLY SYMMETRIC STEP-PROFILE FIBRE 
B.l Formalism
The solution to 
{V2 + k2n2(R) -
the equation
B2 1 ’ = f(R) g£(9) (B-la)
where n(R)
R < 1 
R > 1 (B-lb)
and g^(0) = cos £9 or sin £9 ,
can be obtained by using the Green's function G^(R,^,0) for the 
problem [1,4,5] , which is defined by
p2 (v2 + k2 n2 (R) - ß2} Gjl(R,5,e) = S(R-S) g^O) , (B-2)
together with the requirement that G^(R,C,0) is finite as
R 0 and vanishes as R •* 00
The solution of eq.(B-l) is then given by
f = P 2 IÖG4(R,C,e) f(e) 5 <35 . (B-3)
The equation to be solved in Section 3.4 is of the form
{V2 + k2 n2 (R) - B2) » = f0(R) go(0) + f2(R) g2(e) . (B-4a)
Its full solution is given by
/ 0 G0(R,?,6) p2 f0(R) gQ(e) 5 <35
Jo G2(R,C,6) P2 f2(R) g2(0) 5 <35 • (B-4b)
B.2 Green’s Function
We now give the Green's funct ion [ 1,5 ] G^( R,£,0) for our
problem, defined by eq.s(B-2) and (B-lb) and the stated boundary
conditions.
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In the core, ie. R < 1, it is given by
g £(R , £ , e )
G£(R,5,B)
g£(9) J£(UR) V W S )
A£ J £(U) K £(W>
g£(0) J £(UR) J,(UC) + Y£(U?)
A£ J £(U) J £(U) + a2 Y°>
g£(0) J £(UR) + a2 Y£(UR) J £(UC)
A£ V u) + a2 Y£(U) J£(U)
g, ie* R  ^ 1 , it is
g / 0) K^W?) K £(WR) + a[ i £(w r )
A£ K £(W) K,(W.) + a[ vw)
g£(0) k £(w c) + af It(W5) k £(w r )
A£ k £(w ) + a[ VW) k £(w )
g£(0) J£(U5) k £(w r )
A£ J £(U) K 4(W)
, R <
> R <
, 5 <
, 1 <
1 <
, K <
Here J£ >Y£ ’K£ and IIL are Bessel functions of order
The parameters U and W are defined by
U = p 0 o o )2 - ß2
11/2
W = p { ß2 - (k ncl)2
CNJr-H
so that u2 + II
rsi v2 .
The parameters A£ , £ la^  and a9 are given by
a £ = - w k £-1(w ) / k £(w ) - U J £_L(U) / J£(U)
£ - W K£-1^W) V U> - U J£-1(U) K£(W)
ai " u j£-1(u) i£(w) - w i^Cw) J£(U)
£ - w Vi(w) V u> - u J£-1(U) k£(w)
a2 " u y£-1(u) k£(w ) + W K£-1(W) Y£(U)
1 < 5
5 < 1
R < 1 , 
(B-5a)
R < £
5 < R
1 < R . 
(B-5b)
(B-6a)
(B-6b)
(B-7a)
(B-7b)
(B-7c)
In the special case where the source is at the boundary[4], ie.
26(R-1) / p‘ (B-8a)
have simply
f(R) - C£
and c i is a constant, then we
—  —
t C£ / A £ } J£(UR)
< S / A t } ’ K£(WR)
' V u) 1 g*(0) , R < 1
/ K£(W) ] g£(0) , R > 1 .
(B-8b)
B J  Approximations
The function f(R) is a small perturbation of order A ~ 6..i J
in our problem, and thus the eigenvalue ß in eq.(B-l) is nearly 
equal to the scalar wave equation eigenvalue ß in eq.(A-l). 
Standard perturbation theory [1] gives
-JA P2 f(R) g£(0) ? dA
2 ß ( ß - ß ) p2 = - --- --------- ---------------
/. dAJ Aoo
= - 2 Ü ( U - U ) (B— 9)
where and U (see Appendix A. 1) are the scalar wave equation
equivalents of and U . Hence we also have U = U + 0(A) and
so, to within order A ~ 5„ , we may assume that U and W satisfy 
the eigenvalue equation (A-4). The exception occurs for Z = 0 , 
since Aq (see eq.(B-7a)) measures the deviation from the scalar 
eigenvalue. If we define AU = U - U , we have
Aq = AÜ Ü (V/W)2 [ J^U) / JQ(U) ]2. (B-10)
Hence for Z = 0 one needs to first carefully expand all terms in 
eq.(B-5) about U = U . Then, as in all other cases, we may 
approximate by setting U = U , ie. assuming the eigenvalue 
equation (A-4) to hold. In evaluating the integrals in eq.(B-3), we 
may approximate also by replacing the unknown field ¥ , occurring 
in f(5) , with its scalar wave equation equivalent ? .
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APPENDIX C
LOSS DERIVATION
We describe here two ways of deriving the loss of the leaky 
mode from the field components calculated in Section 3.4 .
C.l Perturbation Theory Approach[6]
To calculate the loss of the y-polarised mode, we multiply
eq.(A-l), with ¥ = ¥ and n = n y  » b y  ey ’ anc* eq.(3.3b), with
3 = 3 , by Ty , subtract the two, and integrate over the
infinite cross-section A , to obtain
00 7
6y
2
/ay) [ p ex x + P dA
e T dAy y
(c-1)
The loss is given in terms of the imaginary part of the
correct propagation constant 3 by
8.686x10 3' dB/km ( C— 2)
when 3^ is in pm  ^ or p 
and is real, we have from
is in pm . Since e = ¥ + 0(A)y y
eq.(C-l) that, to leading order in
A ~
JA (”  /3y) (Px<4 )
00 *
2 3 / .  ¥ 2 dAJ A y
(C—3 )
The operator P e ^ is defined by eq.(3.4a), and exi denotes the 
imaginary part of ex . In the case nz=nx » this simplifies to
3i
a3/2 u w2 j q (u )
p /2 7T v3 J (U)
/2ir sin 20 (ex 1 )R=1 d0 . (C-4)
All symbols are defined in Appendix A.2 and Table 2.2 . Equations 
(C— 2) and (C—3) together with eq.(3.18) determine the loss of the 
leaky mode.
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C.2 Poynting's Vector Theorem Approach
Consider the fibre, carrying the y-polarised mode, placed 
along the axis of a cylindrical surface of length L and with 
infinite circular cross-section. Applying Poynting's vector theorem 
[1] to this surface for a sufficiently small value of L, leads to
( - i ß p )  ( e  23 L -  1)  fA  | e  j 2 dA
CO y
= ( i ß p )  ( 2 ß 1L) J  ( e l 2 dA
OO y
= -  L J ^ 77 [ R cos  0 (e h - e h ) ]  d0J 0 L  ^ y z z y ; J R=°°
-  L f ^ 77 \ R s i n  0 fe h -  e h  ) 1 d0 . ( C - 5 a )
J 0 L v z x x z '  J R=°°
Here A is the infinite cross-section, R= r/p , 8 is the scalarOO 7 1 - 7
value of the propagation constant and ß is its imaginary part. 
Furthermore we define
h = z
3e__y
3x
3ex
3y iß e +y
9ez
3y h = iß e - y x
2
Now from _V • [n • E_) = 0, we obtain
iß e -5^ + °(a ex) + °(A ey)
(C-5b)
(C-6)
The right hand side of eq.(C-5a) is evaluated at R = 00 . All
products that include a field component, which varies like a 
Bessel function in the cladding, vanish in that limit. Hence, after 
writing ez in terms of and ex from eq.(C-6) , only products
that consist solely of ex terms , which have an oscillatory 
component in the leaky mode region, contribute to the limit.
In the cladding the x-component of the leaky mode is given by 
(see eq.(3.18) )
ex = ( a H ^ C Q R )  + b K2(WR) ) sin 20 . (07)
Then the right hand side of eq.(C-5a) is, to leading order in
5 , given by
(2tT r _  2.[_ R cos 9 X *3R 6x - R sin“0 ex 3 R J R=°° d0
2i (l/p) la
and thus 
ß1 = a|2 { ß p2 f I2 j  » 1-1e dAy'
(2a|/2 ”2 J0(U)2 , ,2a
p it V3 J ^ U ) 2
( C—8)
where we have used eq. (A-6) and a is defined by eq.(C-7). 
eq.s(C-8) and (C— 2) together with eq.(3.18) determine the loss of 
the leaky mode.
APPENDIX D
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MODAL FIELDS OF ISOTROPIC THREE-REGION FIBRES
For most purposes we will only be interested in the first order 
approximation for the modal fields. We will consider a circularly 
symmetric, three-region, step-profile fibre like the one depicted 
in Fig. 6.2b . The refractive index profile for such a fibre is 
given by
n(R)
n , o < R < 1CO
n , , 1 < R < tcl
n . , t < R
3
( D— 1)
The modal fields will be obtained to first order as solutions of the 
scalar wave equation
{V2 + k2n2(R) - ß2} Y = 0  (D-2)
together with the boundary condition that f(R,0) > 0  as R -* °° . 
We will only be interested in bound modes of this fibre, for these
we have that ß > k n where k is the wavenumber.
We define the following parameters for the fibre
tt J i 2  2  o 2 l 1 / 2U = p k n - ß1 co J
W = p {ß2 - k2ncl2}1/2 = - iQ (D-3)
W = p {ß2 - k2n^2}1/2
and write the wavefunction as R ,0) = (R) gn(6) » w^ere g^(0)
is cos n0 or sin n0 .
For ß > k n the modal fields of the fibre in Fig. 6.2b cl
are then given by
J (UR) n
J (U)n
A I (WR) + K (WR) n n
A I  (W) + K (W) n n
A I (Wt) + K (Wt) n________n
A I (W) + K (W) n n
K (WR) n
K (Wt) n
0 < R < 1
, 1 < R < t
, t < R .
(D-4)
Here Jn, Kn, In denote the usual Bessel functions. We will find 
it convenient to define functions RFr as follows
z F (z)
W n (z) ’  - F  % 7 ........  ( D - 5 )
where the function F denotes any Bessel function J, Y, Hv 1' , I, K.
, ( 1 )Moreover we will denote RHn
coefficient A can be expressed as
by simply RHn
(1)
Then the
K (Wt) n
I (Wt) n
RK (Wt) - RK (Wt) n__________ n____
RI (Wt) + RK (Wt) n n
(D-6)
and the parameters U,W,W satisfy the eigenvalue equation
K (W) I (Wt) (RJ (U) + RK (W)) (RI (Wt) + RK (Wt)) n n v n n ' ^ n  n '
= I (W) K (Wt) (RI (W) - RJ (U)) (RK (Wt) - RK (Wt)) n n v n n ' ^ n  n ^ (D-7)
For B < k n ^  the modal fields of the fibre in Fig. 6.2b are 
given by
J (UR) n
J (U) n
A J (QR) + Y (OR) n n
A J (0) + Y (Q) n n
A Jn(Qt) + Yn(Qt)
A J (Q) + Y (Q) n n
K (WR) n
K (Wt) n
In this case the coefficient A can be expressed as
A = Yn(Qfc)Jn(Qt)
RY (Qt) + RK (Wt) n _____ n
RK (Wt) + RJ (Qt) n n
, 0 < R < 1 
, 1 < R < t
, t < R . 
(D-8)
(D-9)
and the parameters U,Q,W satisfy the eigenvalue equation
140
Yn(Q) Jn(Qt) (RYn(Q) ~ (RKn(Wt) + RJn(0t))
= J (Q) Y (Qt) (RI (Q) - RJ (U)) (RY (Qt) + RK (Wt))n n n n n n (d-10)
The parameters in eq.(D-3) are determined from either eq.(D-7) or 
eq.(D-lO) together with the constraints
U2 + W2 = U2 - Q2 = V2 
U2 + W2 = V2 ( "Ä / A ) ( D—11)
where V = P k n {2A}1/2 is the normalized frequency, p is the
core radius and A and ~E are the core-cladding and core-
jacket profile heights respectively. They are shown in Fig.
6.2b and are defined by
A —
2 2i n “ n i1 r C O  Cl A
2 2. n - n.
_ 1 r co J ^
2  ^ 2 nC O
J > 2  ^ 2 JnCO
(D—12)
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APPENDIX E
FUNDAMENTAL MODE FIELDS OF ANISOTROPIC THREE-REGION FIBRES
We want to derive the fundamental mode field of the
anisotropic, circularly symmetric, three-region, step-profile fibre
with isotropic jacket. The fibre is depicted in Fig. 6.3b . We
assume that n < n ,ie. the refractive index for y-polarisedy x
light is smaller than that for x-polarised light. We are interested
in the y-polarised modes of this fibre since we anticipate from the
analysis of the two-region model that such modes loose energy, ie.
are leaky for ß < k nX .y cl
E.l Major or y-component of the Modal Field
eq.(D-2) with n=n , ß=ß and V=ey y y
The first order approximation for the modal field gives the 
major or y-component of the mode. It is found as the solution of
We are only interested in 
the fundamental mode, so there is no angular dependence of the modal 
field. Moreover we will confine ourselves to the case where
n^ > n^- > n .CO cl J
Hence using the results of Appendix D, we have that for 
ßy > k n ^  the y-component of the fundamental y-polarised mode is 
given by
ey
V UyR>
A In (W R) + K.(W R) 0 y_______0 y
A In(W ) + K n(W )0 y 0 y
A In (W t) + K n(W t) 0 y_______0 y
A In (W ) + Kn (W )0 y 0 y
K q (WR)
K Q (Wt)
, 0 < R < 1
, 1 < R < t
, t < R .
( E— 1)
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where the parameters U , W , W are defined by
U = p {k2 (ny )2 - ß 2}1/2 y 1 co y J
W = P {6 2 - k2(ny )2}1/2y y cl J
- r 0 2 . 2 2il/2W = p Iß - k n,1 y J J
The coefficient A is given by
K (Wt) RK(Wt) - RK(Wt)
A  =  ___ -_______  __________________________________
I0(Wt) RI(Wt) + RK(Wt)
and the eigenvalue equation is
(E-2)
(E—3 )
KQ(Wy) IQ(W t) (RK(Wy) - RJ(U )) (RI(W t) + RK(Wt))
= IQ(W ) K0(Wyt} (RICW ) + RJ(U )) (RK(W t) - RK(Wt))
We have defined functions RF by
(E-4)
RF(z)
z (z)
(z) (E—5 )
where F is any Bessel function J, Y, I or K . Moreover we 
shall denote RH^^ simply by RH. The parameters in eq.(E-2) are 
determined by the solution of eq.(E-4) together with the constraints
U + W = Vy y y
u 2 + w2 = v 2 ( I / a ) y y v y y ; (E-6)
A and Ay y
Fig. 6.3b .
are defined analogously to eq.(D-12) and are shown in
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E.2 Minor or x-component of the Modal Field
The minor x-component of the y- polarised mode on the fibre 
depicted in Fig. 6.3b can be derived by the Green's function method 
(see Chapter 3.4). Using this method and assuming nz = nx » we 
obtain
ex 9x9y + g
where g is given by the solution of
(E-7)
{V 2 + k2n 2 - ß 2} g 1 t x My ° - & i O
9e
- - (-5^ )  [A 6(R-1) + (K +6-A ) 6(R-t) 1 sin 29v dR J L x y x J
(E-8)
We will make use of the Green's function G(R,R') [7,8] satisfying
R {V 2 + k2n 2 - 0 2} G(R,R') = 6(R-R') (E-9)1 t x y J
together with the boundary conditions i) finiteness at the origin 
and ii) vanishing at infinity. Thereby we obtain
U J.(U )
g (r ,i)
+ (s-l)
W K^Wt) 
KQ(Wt)
Kn(W t) + A In(W t)
( K (WY) + A I (W )  ^ G(R,t) ^0 y 0 y
(E-10)
where
6 + A______ yAx
s ( E—11)
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The Green’s function can be derived as in [7,8] and we thus 
arrive at an explicit form for g. For 0^ > k n ^  we obtain
g = —
A sin 20 x
A sin 20 x
A sin 20 x
[ c
J0(u R)2 x
y W
+ ( s— 1) D
K0(W ) + c I.(W ) r 2 x_______2 x____
1 K0(W t) + c I0(W t) J 2 x 2 x
J0(U R)2 x -j
J9(U ) J2 x
0 < R < 1
[ c
K (W R) + c I (W R)yy> - - vv>
+ (s-1) D
K_(W R) + a I_(W R) 2 x 2 x
K„(W ) + a I0(W )2 x 2 x
1 < R < t
[ c
k 2(w r )
K2(Wt)
K_(W t) + a I0(w t) 2 x 2 x, , * ^ Z X z  A
(s 1} Dy ( K0(w ) + a I_(W ) J2 x' 2 x
k 2(w r )
K2(Wt)
t < R
(E-12)
We have defined parameters 
U p {k2(n* )2 - 6 2}1/2 L co y J
r q 2 . 2( x .2,1/2P ißy " k n^ci) ) ~ iQ, (E-13 )
and
C
U J.(U )y i y 
Jn(u )0 y
Wt K^Wt) 
KQ(Wt)
yy> + a y »y
K0(Uy) + A I0(W )
(E-14)
U , W W are given by eq.(E-2) and A is given by eq.(E~3)where
14 5
and s i s  g i v e n  by e q . ( E - l l ) .  F u r t h e r m o r e ,  u s i n g  e q . ( D - 5 )  t h e  
p a r a m e t e r s  a ,  c ,  y c a n  be e x p r e s s e d  a s
K0 (W ) RJ0 (U ) +  RK0 (W )2 x 2 x 2 x
" 1 7 0 0 “  RI„(W ) -  R J0 (U ) 2 x 2 x 2 x
K2 (W t )  RK2 (Wx t )  -  RK2 (Wt)
I 2 (Wx t )  R I 2 (Wx t )  +  RK2 (Wt)
y = I 2 (Wx ) K2 (Wx t )  ( R I 2 (Wx ) -  R J 2 (Ux ) )  (RK2 (Wx t )  -  RK2 (W t) )  
-  K2 (Wx ) I 2 (Wx t )  ( R J 2 (Ux ) + RK2 (Wx ) )  (RK2 (Wt) -
( E - 15)
F o r  3 < k  n -y c l we o b t a i n
g = —
A s i n  29 x
A s i n  29 x
A s i n  29 x
[ c (- y
4 ° ( Q x ) + c j 2 ( qx )
H$! ) (Q t )  + c J . ( 0  t )  2 x 2 x
+ ( s —1) D
J 9 (U R) 2 x
W
J , ( u  R) 2 x
J 2( V
0 < R < 1
[ c
H2 ° (QxR) + C J 2 (QxR)
H2 1 ) ( Q x C) +  c W *
+ ( s - 1 )  D H2 1 ) ( Q xR) +  a J 2 (QxR)
H21 ) (V  + 3 J 2 (Qx )
1 < R < t
[ 7
k 2 ( wr)
K2 (Wt)
( 1 )
h : “ ' ( Q  t )  +  a j 9 ( q t )  k 9 ( wr)
+ ( s - 1 )  D - O -
H2 (Qx} +  a J 2 (Qx ) K2 (Wt)
t  < R
( E—16)
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Using eq.(D-5), the parameters a, b, y can be expressed as
H2 ° (Qx )
J2(V
j2(qxo
RJ9(U ) - RH (Q )2 x______2 x
RJ2(Qx ) - RJ2(Ux )
RH_(Q t) + RK0(Wt) 2 x_______2____
RJ2(Qxt) + RK2(^ t)
Y = ( V 1) J9 « U  H?1)(^vt) (»J9(U ) - RJ9(Q )) (RH9(Q t) + RK?(Wt))2 ; °2w x; 2
:_IL'l2 j 2 'Xx' ~2 vvcx
2 x
+ (-V1) H 9 1}(Qy ) J9(Qvt) (RH2(qx) - RJ9(UJ) (rk9(wt) - RJ9(Qvt))
2 x'
■ u :2 x
2 x 
"2
‘2
2((V
(E-17)
The parameters Ux, Qx are given by eq.(E-13), W is given by 
eq.(E-2) and Cy, Dy are given by eq.(E-14) and s is given by 
eq.(E-l1) .
Now from eq.(E-7) and eq.(E-l) we find that
ex g +
A sin 20 x
U J9(U R) Y 2 y
Jn(U )0 y
, 0 < R < 1
W 2 K0(W R) + A W 2 I.(W R) Y 2 y________y 2 y
K0(V  + A w
, 1 < R < t
w2 K2(WR) Kq(W t) + A I0(Wyt)
( v Ttj S X  Ä t Alt S )KQ(Wt) Kn(W ) + A I_(W ) 0 y 0 y
, t < R .
(E—18)
Here U , W , W are defined by eq.(E-2), A is given by eq.(E-3) 
and g is given by eq.(E-12) or eq.(E-16).
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APPENDIX F
F.l Modes of a (Step-Profile) Fibre in Isolation
The field ^ of an isolated circularly symmetric
fibre is given by [1]
¥  = —
J q (UR) / Jg(u) ; R<1
Kg(WR) / Kg(W) ; R>1
( F —  1 )
The bar notation is used to refer to an isolated fibre. Here Jg, Kg 
are Bessel functions, R=r/p , p is the core radius and U, W are 
the usual parameters defined by
I * 2 = k2n2 - (Ü2/p) = k2n2 - (W2/p) . (F-2)CO cl
The wave number k= 2tt/A , where A is the wavelength of light; 
nCQ and nc  ^ are the core and cladding refractive indices, 
respectively; and 3 is the propagation constant of the fibre. The 
parameters U and W satisfy the eigenvalue equation
Ü J ^ I J )  Kq (W) = W J g ( t J )  K^W) (F-3)
and are interrelated by
v2 = "ü2 + w2 = 2A k2p2n2co
where V is the normalised frequency of the fibre, and 
profile height parameter which is defined by
2 2n - n , co cl
o 22 n
n - n , co cl
(F-4)
A is the
(F-5)
F.2 The Composite Fibre System
For values of V below the cutoff frequency VCQ the composite 
fibre system is described by a parameter Q=iW. For the 4,_ mode 0 
is defined as
„ f , 2 2 D2 ^ tyo
Q = p lk nd  " O  2
Using eqs.(7.3), (7.4) and (F-2), we obtain
(F-6)
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( 2
ü2 K0(Wd/p)
k l(w )2
- W2 )V2 (F-7)
The mode is only cut off for comparatively small V (see Fig.
7.2), so that U - V and K^(W) - 1/W . Under these conditions we 
obtain
Q - W (2 KQ(Wd/p) - l)1/2 . (F-8)
The condition Q=0 determines the cutoff frequency VCQ given in 
eq.(7.8).
The power P , guided by the composite fibre system, is
O
approximately the sum of the power carried by the isolated fibres, 
ie.
1-3T 1 2  . I -  1 2 i  r  I 1 2  . I i 2 >  -
g iA i Ihl + Kl' ^  = (lciI + lc2l ) p • (f_9)
Here 1 cL ¥ and c V 2 where c-^ and c9 are the
amplitudes of the modes on fibres 1 and 2, respectively. is the
infinite cross-section, and the power P, carried by the 
fundamental mode of an isolated fibre of frequency V and unit 
amplitude, is given by
2 —  9
V k cw)
Ü2 K0(W)2
(F-10)
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APPENDIX G
MATHEMATICAL DERIVATION OF THE LEAKAGE RATE
We derive an expression for the leakage rate y=2 B^ , where 
B^ is the imaginary part of B . To do this we follow the procedure
■k
in Section 33-3 of [1] .W e  multiply eq.(33-l) by 'F since 'F is 
complex for a leaky mode. Thereby we obtain an equation analogous to 
eq.(33-8). Noting that the line integral in eq.(33-9) clearly will 
not vanish for a leaky mode we get one extra term in eq.(33-10) and 
obtain
(Br)2 + i 2BrB1 (G-la)
/ (k2n2 I'fI2 - |v 'Fl2} dA
2 r P h
+
A
J V (V_t'F)»n dl
CO
p2 J |f|2 dA
(G-lb)
r iHere B and B are the real and imaginary parts of the 
propagation constant B . Hence B^ is given by
I»[ Zn" S  ^«1 R-Hxj
/a I’i
(G-2)
Noting that ¥ = A H^^(QR) , we have in the far field that
'F ~ B R h giOR an(j _ (_ _j_ + iQ) y . Here A and B aredR ZR
constants, independent of R. Therefore we have
[ * f  R W iQ [  I ' f I r ]R*oo (G—3 )
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assuming weak leakage so that Q can be taken to be real. We rewrite 
eq.(G-2) as
„ 1  0  [  f t R h |2 d0 ]1 R - > o o
8
CNJCL
M
Q
Q
CXI
10.
2 dA
(G-4)
which agrees with eq.(7.12) noting that Y=2 rand ß^ß -k nco
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